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1BSTEACT 

The purpose of this instructional guide is to assist > 
teachers of calculus^ i* the organisation and presentation of the 
course content to best seet the needs of the student. She behaviors 
expected of the student have been organized into eleven units* These 
units include the topics recosaended for these students preparing for 
the CBBB advanced placesent BC test administer* <J in Bay ct e^gfc^ggax. 
Mithin each unit is an introduction, a list of the instructional 
objectives for that unit; at least tve sasple performance /objectives 
for sost instructional objectives, sample assessaent sea^sures and 
an s vers for the assessaent measures. Special features of this guide 
are a Performance Objective Index which keys each objective to 
currently apprcrved text materials, and a list of suggest* 
assignments. (BB) 
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POINT OF VIEW FOR MATHEMATICS EDUCATION-! N ^MONTGOMERY COUNTY 



A provocative activity which teachers often use with pupils at various levels 
is that of trying to imagine a world without numbers what; would it be like? 
Such a world is quite difficult to imagine. The idea of number cpntinues to 
play afclnportant role in virtually all aspects of our world;, and mathematics, 
therefore constitutes a progfam of considerable importance in the schools, 
* • _ _* 

As a discipline, mathematics is truly the art and science of abstraction. 
Characteristics of the physical world are, converted into abstract ideas and 
symbols; these are then manipulated through mathematical operations to produce 
information and theorems about less easiljr observed aspects of the world. 



Recent evidence 
crete materials 



supports the 
are vital to 



contention that children's experiences with con- 
later conceptual development. The school 
program thus proceeds from the concrete to the %bs tract. # . 

The concepts of mathematics acquire greater meaning when they can be applied 
to the world in/ which we live, because the variety and extent of mathematical 
applications have grown so rapidly In recently years, it is impossible for 
any one person to be confer sfint 'with the entire field. The school program 
must therefore be developed so that mathematical applications are selected 
and presented as efficiently as possible and wijth the intent of challenging ' 
pupils at all levels .to see mathematics as an independent discipline as well * 
as a tool* for the advancement of other disciplines. 
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THE MONTGOMERY COUNTY MATHEMATICS PROGRAM ; 

% ! 1 

The Montgomery County mathematics progfkm is designed, and implemented to % 
take into account the logical and relatively sequential nature of mathe- 
matics* ' Equally important ds "Ehe^xealization that the rate at which indi- 
vidual' students learn mathematics varies significantly. The mathematics 
program ifr structured to encourage various approaches which allow students 
to progress at their individual ratesV 

In general* terms, the instructional program in mathematics should help each 
student to: « 

Develop basic skills *in using the vocabulary and 'symbols of v mathematics 

Develop skills in recognizing common geometric shapes 

. Develop basic slcills in computing , 

A 

Develop basic skills, in working tjith geometric shaped ^ 



^ , Develop basic skills in measuring* -„ v ^ 

^ Develop understanding of the vocat^lary and symbols of mathematics 

: 5fc^ r 

' • Develop concepts .related to common wBmetric shapes 
Develop understanding of computation 

• ^Develop understandings in measurement * J J 

. Develop an understanding of basic principles related to the structure 
of mathematics 

• Develop understanding and basic skills* in problem solving 

# 

• Apply the principles of mathematical reasoning to the solution of 
problems ^ ** 

* 0* »■ 

r „ Appreciate the significance of mathematics in daily living and its 

contribution to our cultural heritage • - 

. Use s^a^hematics as needed in daily living 
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INTRODUCTION 



I. PURPOSE 

The purpose of this instructional «guide is to assist teachers of Calculus 
in the organization and presentation of the course content to bes.t me$t the 
needs of the students, » * . - 

The Goal$ of Education, adopted by the Board of Education Of Montgomery 
Cctonty in 1973, eu^hasize that the school^program should be "...related to 
tbe needs, interests, and concerns of each student/' Calculus serves to 
meet the needs of students accelerated i* mathematics to the point of 
enrolling in this college-level subject while still in high school. Many 
students seek advanced placement in college mathematics through enrollment 
in this course; since "advanced placement is partially based on May exami- 
nations, timing and order of presentatiopr-ef'^topics are emphasized in this* 
guide. • - * 

The Goals of Education further state t 

In addition to acquiring academic skills, each individual 
shouffr develop Jiis /her intellectual capabilities to Ihe 
'< fullest extent possible. Therefore, the school will 

encourage each pupil to think creatively, to reason logics 
ally, to apply knowledge usefully, to deal with abstract 
* concepts, to solve. problems. $9* 




study of Galculus involves the use of the highest ^evelsSof these skills 



Th^* Point of View for Mathematics Education in Montgomery Couiity describes 
mathematics as the "...art and science of abstraction," yet states: "The 
^concepts of mathematics acquire greater meaning whety they can be applied to 
the world ^Ln which we live." The study of [calculus )is unique in that the 
use of abstract symbolism becomes an instrument of Application tg make clear 
the solution of problems otherwise dif ficult^t^ipossible* to solve] 

■> • 

* ♦ 
The place of Calculus in the sequence of mathematics courses in Montgomery 

County is shown on page vii pf this guide. Ttie instructional objectives of 

the course ar« described in the MCES Program of Studies . V " . 

By the end of Calculus, the student should be able to: 

• apply the rules for limits % of sums, of products, of quotients, of 
polynomials, and of a function between two functions which have 
the same limit when the limit is taken as the variable approaches 
a constant, and as* it approaches infinity 



apply the rules for determining the derivatives of a monomial * 
function and for finding -the star, product, and quotient of differ- 
entiate functions 



ix 



apply the method of implicit differentiation to specific examples / 
of the general function y ■ u • / 

apply the chain rule fop derivatives to specific, examples- involving 
v composite functions • * \ 

construct the equations of the tangent line and the normal line 
at selected points of aji 1 * algebraic function 
* • 

construct the graph of an algebraic^ function, listing the critical 
points • * 1 * . 

identify- and construct the solution of problems that call for 
minimizing or maximizing- a function 

apply Rolle's Theorem, th6 Mean Value Theorem, and 'l'Hopital's j 
Rule where appropriate • \\ 




apply the Fuhdamental Theorem of Calculus - to determine the -area of 
^ . a given region ' 

- *> 

identify <*nd compute the siim of R^emann integrals 

' r 

apply the definite integral to solCe problems involving area, 
- velocity, and acceleration; Vol'ume of a solid; area o£ a surface 
of revolution; total amount ofr'maps; and work as the product ^f* 
a given .force moved through & given distance 
♦ , • * 
apply formulas for ' differentiation and integration pf trigono- 
metric, inverse trigonometric, logarithmic, and exponential . 
'functions 

de- 
select and ppply suit^teSnethcjds for the evaluation of a "set of 

assorted in 

apply the rules\*i hyperbolic Junctions and inverse hyperbolic # 
functions in problj^mk^f_ei^i1i.briumi tension, t affea, volume, and - 
/ center of gravity - V 

apply the theorems on sequences to construct the limits of sequences 

apply the comparison, ratio, and integral tests for convergence to 
'a given series ' ^ -* 

' * ** * * * 

# . compute the value of given trigonometric or logarithmic functions 
using Maclaurin'p or Taylor's series expansion 

IX. ACKNOWLEDGMENTS » 0 

I * 
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It I. OVERVIEW 



The course of study for Calculus has been constructed to assist fhe -teacher 
in organising the content of Calculus to meet the needsof the students. 

Bach of the eleven units contains an introduction, a list of instructional 
objectives, a list of performance objectives, sample assessment measures 
for each ofcjedti/e, and an^yer^ for the assessment measures'. 

Special features of thi* guide are a Performance Objective Index, which keys 
each objective to currently approved text materials!, and a 'list of Suggested 
Assignments, which, mrfy assist the'teachet in pacing progress through the 

content material. * * 

- - *■ * , \ * 

• k 

IV. , STUDENT AUtfTENCE* ' 

Calculus is^an elective, one-credit cQurse, offered to students who have 
Successfully completed the objectives for Elementary functions and Analytic 
Geometry, Many students* enroll in Calculus in preparatioA for the Advanced 
Placqpent- Examination or the College Level Examination Program (CLEP) of 
the College Entrance Examination Board, A combination of either score, the 
student's mathematics record, and o£her test scores may lead to advanced 
^placement: in the math6matics program of the college chosen. 

V. ORGANIZATION AND SUGGESTED USES Oi^GUIDE * 

• Th$ behfcyiors expected of the students in *ny content area need to be clearly 
understood' by both teacher and%studenfc. In this instructional guide," the 
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behaviors have been -organized into eleven uftita. *-$Fhese units include the 
topics recommend^ for those students preparing for *fhe CEEB Advanced 
Placement BC- Tept administered in May of each year, Within each unit are 
the instructional objectives for that unit, at least two sample performance 
objectives for most instructional objectives, sample assessment measures, ^ 
and suggested assignments. The Performance Abjective Index keys the 
objectives to the textbodk. 

The fact that the advanced placement tests are scheduled for the middle of 
May" requires that, for the BC test, Units I through VI be completed during 
the first semester. Units X and XI may be studied after the placement tests, 
provided materials from Unit XT on velocity and acceleration Vectors have 
been included In Unit III. For the AB Placement Tests, Units I^thrqugh V 
should, be completed in the first semester, and a review of analytic- geometry 
should be done instead of Units VIII and IX; 
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I 

SUGGESTED ASSIGNMENTS 

A list of suggested assignments in the basic text has been compiled as an aid 
m pacing class instruction in Calculus. 

This material, referenced to the text, .has been compiled to provide the teacher 
with a key relating the instructional. objectives to the topics of Calculus to 
the reading on each topic, and to suggested assignments of problems. FoiTmost 
of the units, 'it has been presented in the order that it appears in the text 
The 96 lessons should not.be interpreted as being all of the same length or 
importance. 
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UNIT I 



. -* ■ < " * 
LESSON ^ ASSIGNMENT TOPIC ^ 

1 , Definition ot L^mit of a Function 

* 2 Tjieoreins About Limits 

"3 * 

• * • 

4 ' ° Mpre Theorems About Limits 

5 

J . 
6. . ^Infinity ' 

r 

♦ - f 

7 ftontinuiCy 

V * 

LESSON ASSIGNMENT TOPIC 



Polynomial Functions and Their 
Derivatives % J 

Rational FuncfcLorts and Their 
Derivatives 

Implicit Relations and Their^ 
Derivatives * 



10 
11 

12/ 

13 

14? 



Increment of a Function 



Chai 



n Rtile for 



Derivatives 



Differentials dx and dy 
Formulas for Differentials in 
Rotation of Differentials 



READING 
pp. 44-46 
pp. 47-50 

pp, 50-55- 
i 

pp. 56-59 



S'Tt OESTED assignments 

pp. 46-47; .1, 3, 4, 6, 9 

pp. 50; I, 3, 5, 7, 9,' 10 

pp. 50; 13, 14, 18, IS \ 

•pp.J&; 1-71 (odd) ' 
pp 25-31' 

♦» , . . ■ » 

pp-,49-60; 2, 4, 5, 7; 9, 10, 11, 
■fr> 19' 



INSTRUCTIONAL 
OBJECTIVE 



pp. 92-97 ' \ pp. 97QJ., 2, 3, 6, '9 
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UNIT II ' 
READING ' 
pjV. 62-66 / pp. 

pp. 67-70 . • • p. 

pp. 71-76 p. 

'P- 



< INSTRUCTIONAL 
SUGGESTED ASSIGNMENTS OBJECTIVE . 

>>6-67; 2, 3i 5, 9,' 13, 16, ljtf 1, 2, 3, 4 
18, 2d 

70$h, 2, 3, 5, 8, 11, 14, 16,. 5, 6-, 7, 8 
17, 18 ' \ 



pp. 78-80 
pp. S 84-87 
pp. 88-91 



PP. 

P- 

P- 



77; 3, 6, 9, 13, 17, ,22, -24 
77; 27, 31, 33 

80-81; 2, 5, 6, 9 

87; 2, ,4; 7, 9 

91; 3, 4, 5, 9, 12, 14, 17* 
19, 20 



}> 9 . 
11 

ib ; 

il 
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LESSON ASSIGNMENT TOPIC 
15 Tangents and Normals 



.UNIT HI 
' ■ READING 
pp. 294-296 



16,' Increasing or Decreasing Functions pp. 102-105 



17 
18 

19 

20 



Related Rates 



Significant of t"he Sign 
of the 2nd Derivative"* 

Maxima and Minima 




pp-. 105-108 

1 

pp.',109-113 

pp. 118-123^ 

pp. 125-127 
pp. 127-128 
p. 253 



UNIT IV 



;NMEj p TOPIC 

26 The Indefinite Integral ^. 

27 Applications of Indefinite 
Integral' 



„■ v- ■ > 
M READING 



pp, 139 : 143 
pp. 143-144 



pp. 



P- 
P- 

PP 
PP- 

PP- 
pp. 

P- 
P- 
P- 



SUGGESTED ASSIGNMENTS 

297-298;. 1& 3, 5, 8, 9, 11, 15 

105; 3,- 7, 10 

108;, 1, 3, 7, 8, 9 • 
108; 2, 5, 6„ 12, 14, 15 



P- 
"P. 



113-114; 3, 5, 7, 15 
113-114; 8, 17, 18 

123t125; 3, 4, 9, 18, 13, 23 
123-125; 5, 7, 1,5, 24, 14, 28 

127;- 1-4 

130; 2,' 3, 5," "6, 7," 8 
'253; 91, 92 * : ' ' « 



SUGGESTED [-ASSIGNMENTS 

I 

143; 2, 3, 4, 9, 12, 16, 19, 
22*25 

145; 1, 3, 5, 8, 9, 14, 16' 



28 
29 

30 



Limits of Trigonometric Expressions p. 151 ; 



Differentiation of Sines and ■ 
Cosines • « 

Integration of Sines and Cosines 
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pp. 152-154 , 
p. 154 

' f 

•II 

' — ' r 



p. 155; 1, 5, 8; 11, 13, 20 
pv 155; 25, 29„ 35,. 36, 38 



p. 155j 40, 46' 50, 52, 54, 
58, 60 



INSTRUCTIONAL' 
OBJECTIVE 

1 

2 



4 

5 



INSTRUCTIONAL 
OBJECTI VE"- 

1 * • 

.2 



1-2 

VI-1 
f 

m-2 
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LESSON ASSIGNMENT TOPIC 

31 ^ Area Under a Curve 

I 

32 Computation of Areas as Limits 

33 Areas by Calculus 

t, # 

34 ; Trapezoid Rule for Approximating 

an Integral 

'35 Simpson's Rule for Approximating^ 

an integral 



LESSON ASSIGNMENT TOPIC ' j 

36 Area Between Two Curves 

37, Distance 

38 Volufmes-Disfc i 

39 , Shell ^ 

40 Other 

41 Length of Curve 

C 42 

43 Area of Surface of Revolution 

44 Average Value of a Function 

45 - Moments and Center of Mass 

' 46 W«rk 
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UNIT IV (cont.) 
, READING SUGGESTED ASSIGNMENT 

pp. 156-159 pp. 159-160; 1-5 

pp. 161-163 ,. pp.. 163.-164;* 2, 4, 5 
pp. 164-166 p. 167; 1, 4, 6, 8, 12, 15 

PP ..174-i76' p. 176; 1, 3\ 4, 5' 



INSTRUCTIONAL 
OBJECTIVE ■ 

2 

2 

3 

4 , • 



pp. 28.2-284 



p. 284; 1, 2, 5, 6 



UNIT V 
READING ' 
pp. 183.-184 
pp. .185-137 
pp. 188-194 

pp. 199-202 

pp. 203-206 
pp. 206-208 
pp. 208-212 



SUGGESTED ASSIGNMENT 

pp. 184-185; 1, 2b, 2d, 2f,*4 

p. 187; 1, 3, 4, 11, 12, 13, 15 

pp. 194-195"; 1, 3, 9a, 11a, b 
p. 195; 5\ 8, 9b, 11c, d, e, 12 
p. 195; 13, 14, 15 

pp. 202-203; 1, 2 5, 6 
pp. 202-203; 3, 4, 7, 8, 9 

pp. 206-207; 1, 2, 4, 5, 7 

p. 208-; 1, 3, 5. 6, 7 

p, 212; 2, *5, 6, 7, 11 
p, 214; 9, 10 



INSTRUCTIONAL 
OBJECTIVE 



2 
3 



5 
6 
7 



pp. 214-217 



pp. 216-217; 1, 3, 4,, 6; 9 



LESSOR 

9 



• 47 

48 

49 
50 

51 



52 
53 



ASSIGNMENT TOPIC 

Derivative* and Integration 
of Trigonometric Functions 

Derivatives and Integration 
of Inverse Trig Functions 

Natural Logarithm 

Derivative of 1 n x 



Properties of^n x 
Graph of i l4 K 

Exponential Function 



54 
55 
* 



The Function a u 
The Function log»u 
Differential Equations' 



* • UNIT VI 
READING 
pp. *221-222 

pp. 228-230 

,nj>. 230-231 

pp. 232-233 

y 

Pj>. 233-236 

pp. 236-241 



pp. 243-245 
• p. 246 

pp. 247-249 

■» 

* This topic can be done either here or with unit I2T. 

v. 



LESSON ASSIGNMENT TOPIC 
56 Powers of Trigonometric Functions 



57 



^58 
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Even Powers of Sines and Cosines 

integrals Jcitti Tfirms Ja 2 - u 2 

V^+u^ /u z - a L , a2+ U 2, a 2 - u 2 

Z2 :. 1 . '' 



UNIT VII 
READING 
pp. 257 : 260 
p. 261 
pp. 262-266 



INSTRUCTIONAL 
* OBJECTIVE . 

1* 2 



SUGGESTED ASSIGNMENTS 

pp. 222-223; 13, 15, 17, 19, 22, 38j 
41, 42, 44, ,47 

p. 230; 5,"-7, 9, 11, 13, 16, 18, 20 



p. 231; 2, 3, 6, 8 4 
p. 233; 2, 4, 8, 10, 16, 21, 24, 28, 5 

p. 234; 4, 10; p. 236,;, 1, 3, 4 .4 



p. 242; la, h, 1, m, 2, 5, 7, 15, 17, 19 6, 7 
p. 242; 3; 4, 8, 13, 16, 22, 25, 30, 31 

p. 245; 3, 6, 7,° 13, 14, 15 



p. 247; 1, 6b, 8a, 9b, d 
p". -24^1, 2, 5, 7, 9 



SUGGESTED ASSIGNMENTS 

p. 260; 1, 5, 6, 7a, 8, 9, 10, 15, ,24 

pp. 261-262; 2, 5, 6, 7, 10 * 

pp. '265-266; 1, 3, 6, 10, 12 
pp. 265-266; 2, 8, 11, 13, 15 ' 



, 8 
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9 

, IX-9 
V 

INSTRUCTIONAL 
OBJECTIVE 

1 



23 



ASSIGNMENT TOPIC 
Lth.a: 

Integration by/Partial 



Integrals with.ax^- bx + c • 



Fractions 



UNIT VII (cont.) 

. SUGGESTED ASSIGNMENTS 
pp. 266-267 P. 267; 1, 3, 5, 6, 9 
pp. 268-270 p. 270; 1, 4, 6," 11 



READING 

~*r~ — 



INSTRUCTIONAL 
OBJECTIVE ' 

1 

♦ 

1 



Integration by Parts 

Integration of Rational Functions 
of si,n x and cos x, and Other 
Trigonometric Integrals 

Further Substitutions 

Improper Integrals 



pp. 271-274 pp. 273-274; 2, 3, 4, 8, 13 

pp. 273-274; 10, 16, 19, 20 

V 

pp. 274-276 pp. 275-276; 1, 4, 7 U 



pp. 276-278. p. 278; 1, 3, 16, 17 

pp. 278-282 p. 288; 1, 5,- 8, 10, 12, 17, 18 



ASSIGNMENT TOPIC ' 

definitions of Sequences Serie*^ 



Te^ts for Convergence of a Series 
of Constants 



Power Series Expansions' of Functions 
Taylor's Theorem^ 

* K 

Indeterminate Forms 



UNIT VIII 
READING . 
pp. 398-401 

pp. 403^409 

pp. 409 -4*2 

pp..„4l2r4l9 
pp. 426-429 




SUGGESTED ASSIGNMENTS 

pp. 401-402; 1, 3, 5, 9, 10, 14, 18 
pp. 401-402; 2, 4; 6, 16V 20, 21, 
22, 23 

p. 409;-3, 5, 6, 7, 9- 

p. 409; 4, 8, 10, 12, 13 

p. 409; 11, 14, 15, 16, 17, 19 ' 

p. 412; 1-4 



pp. 419-520; 1, 2, 3, 7, 8 • 

pp. 419-420; 4, 5, 6, 9 

pp. 429-430; 7, 8, 11, 12,' 13, 15 

pp. 429-430; 6, 9, 14, 16-23 



INSTRUCTIONAL 
OBJECTIVE 

1 , 



2,* 3, 4, 5 
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LESSON ASSIGNMENT TOPIC 

79 Convergence of Power Series 

80 Absolute and Conditional 




M^ESSON ASSIGNMENT TOPIC 



^ 81* ^Mt Order Equations with 
VarhtH^rj Separable 

82 First-order Homogeneous 

Equations 



H 

If 



83 * First-order^Linea^ 
84 

i 

85 First-order Exact 

66 Homogeneous Linear* Second -order 

87 Differential Equations with 

Constant Coefficients 

J88 Non-homogeneous Linear Second - 

order Differential Equations 
with* Constant Coefficients 
*> 

89 Applicants of Solutionr^of 

• Differential Equations 



r 
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. UNIT -VIII (<y»nt.) 

READING * SUGGESTED ASSIGNMENT 

'»'•'- ' 
pp. 530-432 • .p. 432; 1, 3, 4, 6, 9, 10 

\'p. 434; 1, 2, 4, 5, 7,' 8, 10 
UNIT IX I 

READIhG , SUGGESTED ASSIGNMENT f 



pp. 439-441 p. 441; 1, 2, 3, 6, 7, 10 « 

l 

pp. 441-442 . p. 442; 1, 3, 6 



pp. 442-444 ; pp. 443-444; 1, 3 

. . pp. 443-444; 2, 6, 9, 10 

p. 444 p. 4t4; 1, 3, 8, 10 

pp. 446-448" m p. 448; 1, 4, 6 , 

pp. 448-449 p. 449; l-9(odd) , 2 
» 

pp. 247-249 p. 249;. 1, 2, 3 

pp. 366-367 p.. 367j 7 

pp. 455-453 ' p . 45^453* 2, 3, 4 



>0 



LESSON 
90 

91 

92 

93 



J 

ASSIGNMENT TOPIC 

gjzperbolic Function Definitions 
and Identities 

Derivatives and Integrals of 
Hyperbolic Functions 

Derivatives of Inverse Hyperbolic 
Functions , 

i, • 
Integrals of Inverse Hyperbolic 
formulas 

The Hanging Cable * 



UNIT X 

READING SUGGESTED ASSIGNMENT 

pp. 353-356 • p. 359; 1 



pp. 356-359 
pp. 361-364 
j>. ,365 
p-. 367 



p. "359; 2, 3, 5, 6, 7, 8, -9; 
• • 10, 13, 14, 16, 17 

p. 365; 6-10 



p. 365; 11-15 
'p. 367; 7 



*This topic can be done in Unit IX if results are expressed ^.exponential function form. f 

^ UNIT IX' 



LESSON ASSIGNMENT TOPIC 



HEADING 



94 
95 
96 



SUGGESTED ASSIGNMENT 

*" , -. 

Velocity and Acceleration Vectors . pp. 380-383 p. 383; 2, 3, 5-8 \ 

pp. 383-384 p. 385; 1-5 

pp. 385-387 p.- 388; 3, 4, 5 (dT/d<j> only) , 



Tangential Vector ' 
Normal Vector 
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SUGGESTED ASSIGNMENTS 

Elements of Calculus and Analytic Geometry , by G. B, Thomas, Jr. ,3 (Addison 
Wesley, 1976) is, at the time of publication, the only text approved fpr 
Calculus. ^ , — ^ , 



J 



This material, referenced -to the text, has been compiled to provide ^he 
teacher with a key relating the instructional objectives to the topics of 
Calculus, to the reading on each topic and to suggested assignments of problems « 
It has been presented in the order that it appears in the text- for most of the 
units* The. 96 lessons should not be interpreted to be all of the same length 
of importance. 
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XXV 



, , INTRODUCTION 



AflT I: LIMITS AND CONTINUITY 



The theory of limits is a difficult but necessary ^beginning for the study 

of calculus. An aim of this unit is to strike a balance between mathematical 

intuition and the rigor^of formal proof. , 

< ~ — -~ 

Unit I begins by introducing the concept of neighborhoods as they apply to 
the definition of a limit. Emphasis should be placed on the definition of 
the limit of a function, giving time to geometric interpretation as well as 
the determination of particular epsilon and delta neighborhoods for given 
functions. Comprehension of the definition is necessary for tpder standijig 
the limit theorems and their proofs. Applications of these theorems will 
- enable the students to begin developing skills in determining limits. 

It should be emphasised that although this may be the student 1 s first formal 
study of limits, it certainly will not be his last. The background estab- 
lished in this unit will* serve as a foundation for future units in* the 



course. 



INSTRUCTIONAL OBJECTIVES 

1. Determine the limit of a function and construct a proof that it is the 
limit by applying the definition of a limit (epsilon-delta). 

2. Apply fche limit theorems to determine the limit of a function as the 
variable approaches a constant. 

• • 

3. Apply the limit theorems to determine the limit of a function as the 
variable approaches infinity. 

4. Apply the definltion'of continuity of a function. 

* * 

v PERFORMANCE OBJECTIVES 



By the end of this unit,sthe student should have mastered the objectives 
listed below. 

1. a) State the definition of the^limif of a function. 

b) Determine' the lindt of a given algebraic function. 

c) Construct an epsilon-delta proof to verify the choice of a limit 
for a given function. 

2. a) Determine the limit of a given linear function as x+ a 
b) Determine the Unit of the sum of two function* as x+ a 
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UNIT I: PERFORMANCE OBJECTIVES (continued) 

« 

c) Deftermine the limit Qf^the pfcoduct of two functions as jc* a. 

, d) Determine tie limit of the quptient of # two functions as x+ a. 

e) Apply ~ ia X ■ 1 to determine the limit of expressions 
containing trigonometric functions • 

3. a) Determine the limit of the sum of two functions as 

b) Determine the limit of the product of two functions as x^ 00 . 

c) Determine the limit of the quotient of two functions as x+ 00 . 

** 4. a) St^ate the definition of continuity of a function at a given point. 

b) Determine the continuity of a function at & given point^pby using 
J the definition of continuity. « 

c) Determine the continuity of a faction over a given interval. k 
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SAMPLE ASSESSMENT MEASURES; LIMITS AND CONTINUITY 



j PgtFORMABCE OBJECTED I - la: State the definition of the limit of a function^ 

1. State the limit of f(x) as x-* a. 

2. Complete the following definition. 

L * lim «-* y c > o 36 > 0 ^ . 



OR 



L = lim «-> V C >0 9 a deleted neighborhood N of a ) 
x-»- a 



PERFORMANCE OBJECTIVE I - lb: Determine the limit of a -given algebraic function. 



1. lim -it 

») 3 b ) -3 c) 0 d ) 9 e) 



2. lim 2/x - 2/5 is 
X*«5 x - 5 



PERFORMANCE OBJECTIVE I- lb: Construct an epsilon-delta proof to verify the 

the choice of a limit for a given function* 



' 1. Pr$ve lim (5 - 3x) 



2. Prove lim (3x 2 - 2x + k) = 9. 



3. Prove lim (1 + 1/x) = 3/2. 

x*a 

/ 

er|c 



PERFORMANCE OBJECTIVE I - 2a: Determine the limit of a giv^n linear function 

as x-* a._ v 



It Determine lim (8 - 3x). 



2 9 Determine lim ( 3x/5 + 2/3). 
X+-1/2 







tERFORMANCE OBJECTIVE I - 2b: 


Determine the 


limit 


of the sum of ' 


two functions 


1 " ' 




as x+ a. 








1 . Determine 


lim ([2-xJ 


♦ l»-3| ). 










x-*- 2 + * 












t 




i 


















2. Determine 


lim (x 3 /5 


- kx 2 /3 + 7) - 


lim 


((3x3.-50x 2 )/15 


+ 13 h 




xh. 3 




xh. 3 








I 

I 






i 

, \ 

\ 


^ 



PERFORMANCE OBJECTIVE I - 2c: Determine the limit of the product of two functions 
as £» a, . , 



1. Determine 



J - 

1 im [,y«-x^gn(x*3 )) "• 



v 



2. Determine 1 lim • lim 



x+ a 



X-+" a 



t -?8 



E 



'ERFORMAKCE OBJECTIVE I - 2d: Determine the limit of the quotient of two functions 

* as x-+ a 



1 . Determine lim. x 3 -27 , 

x+ 3 x*-iJ^ 



2. Determine lim (6 - Vx 2 +27) 
*► 3 (x-3) 



' 3. Determine lim x 5 +l 
x+-l x+1 



PERFORMANCE OBJECTIVE I t 2e: Apply lim sin x to determine the limit of 

x% 0 x = 1 

4 

expressions containing trigonometric functions 



1. lim sin 3x is 
x+ 0 x 



i) i 



b) 3 



:) 1/3 



d)-0 



2. Determine lim x 2 sin(l/x 2 ). 
x+ 00 
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4 'PERFORMANCE OBJECTIVE .J -* 3a: Determine the limit, of the sum of two functions 

as x+ »l 

; : ^ ' 



1. lim (sgn x + sin x) 

x-+ » , 
£ is nonexistent % fc) is infinity c) oscillates between 0 and 2 



oscillates between -1 and 1 



0 is 1 



2. Determine lim 

I x+ 



* m f s ^ n * + sin(x-k) 1, 



PERFORMANCE* OBJECTIVE I - 3b; Determine the* limit of the product <Sfctwo functions 



as x+ « * 



1. Determine lim r x**-b ** i r 2x + 3 i 

% x- * 1 J L irrr * 



Determine lim (100 +-l/n) 2 pL + aJL 

4 

a) 100 b) notf defined. c) 00 



100 



\ 

d) 10*00j0 eO 1 



PERFORMANCE OBJECTIVE *'I 3c : L Determine the Jimit of the quotient of two functions 



IS x* » , 



1. lim f 2n 2 - 2n -+k 
n-+ » 2n - 



is 



i f 2 



b) -2 



:) 0 



a) 



/ 

e) 1 
J 



I 2. Determine lim JT77 V(l/y) - 5 6 

* y* 0 ' 1/7+5* 
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PERFORMANCE. OBJECTIVE I - 1+a: State the definition of continuity of a function 

at a given point 



1. Define what is meant by the statement: f{x\ is continuous at x=b. 



2. Choose the combination of conditions listed below that are necessary to 
define continuity of a fuM^^on at a point, 

k) f(x) has a minimum vali3P& and a maximum value M on the interval [a,b]. 

f f ^ . " ■ ( 

b) f(x) has a definite finite value f(c) at c. 

♦„) f(x) is. defined on the interval, * 

l) as x+ c then f{x)+ f(c) as a limit. 

o) f is defined for some neighborhood "Of c. 



a) a ' c ' d b) b, d c). a, b, d d) b, c, e . e) b, d, e 



n 



PERFORMANCE OBJECTIVE I - Ub: Determine the continuity *>f a function at a given 
^ ; ' • point, using the definition of continuity. 



1. f(x) = x 2 -l has a point of discontinuity. Redefine f(x) at the point of 
x-1 



discontinuity so that f is continuous. Justify your solution. 



2." Determine whether x 3 -8 is continuous at x = 2. 'Justify your conclusion. 



1-7 





PERFORMANCE OBJECTIVE I - kc: 


Determine the continuity of >a function over ^ given 




", "I 






interval. H . 









V 



1. Determine whether f(x) is continuous' over . 9 h] . Justify your conclusion. 

, c 

-f(x) =(x 2 -2, x>2 
S-2, x=2 

1x2+ 7x - lU, x<2 * 



2. Determine whether f(x) is continuous over- (-5,5) . Justify your conclusion. 

1 f{x) = 1 -x +£xj - [1-x] 



9 
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* *• ' UNIT I: "LIMITS AND CONTINUITY 

ANSWERS TO ASSESSMENT MEASURES 

1. «) (1) L- )H& f(x)^V<>0ji>0 ) ' 

, % I £ OtJ - L I < £ whenever | x - #-| < * 

or 4|L1^ 



f(x)«V( > 0, 3*deleted neighborhood N of 

' . • <j 

L - €<J^(*) < L + € whenever X€N 

(2) | t (x) - L | < ^whenever | x - a | < 8 

* 

or 

' L - € <£- (x) <L + € whenever X en - 



«>h ; (1) b , 

12) ±2 
25 



■ ; C ) ? , a) f s I* 

/ N. : (3)''. $ - »in {*» 2 4 



2. ' a). « (1) -4 * 



(2) JI 



b) (1) 
C) (1) -2 

(2) >/rri5- 





(1) 


4 
2 




(2) 


-h 




(3) 


5 


•) 


(1) 


K 



4Q 



r 



UNIT I: LIMITS AND CONTINUITY 



ANSWERS TO ASSESSMENT MEASURES: (continued) 

3. a) (1) a- is nonexistent. 
r (2)' 1 
b) (1) 



2 
3 



(2) d. 10,000 

c) (1) b. -2 

(2) 1 

at) (1) See definition of continuity of a function at a point . 

(2) e. b, d, e Show lim 



x + 1 



f(x) = f (1) 



b) ; (i) f(x) = { x " 1 ' x * 1 

2 r X = 1} 

% 

(2) • Function is discontinuous at 2 ■ 2 because f (2) is undefined 

c) (1)* Discontinuous at x * 2. Use definition to justify, 
(2) Discontinuous at integral values • 



\ 



• « 
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UN1J II: DERIVATIVES OF ALGEBRAIC .FUNCTIONS 

INTRODUCTION ' 

In this unit, derivative? of algebraic functions should be determined ~ 
initially by direct application of the definition. It will soon become 
apparent to the student that this, method, while effective, is tedious. The 
limit theorems developed in Unit I can then be applied to establish rules 
for determining the derivatives of various t algebraic functions* The appli- 
* cation of these rules provides the student with an efficient method for 
differentiating algebraic functions. * • 

» • * 

Particular emphasis should be placed upon the chain rule, as it* role will 
be continued throughout the development of derivatives of transcendental 
functions. In the latter part of this unit, the method of illicit differ- 
entiation will be applied to algebraic equations. The unit concludes with 
a discussion of the role of differentials. 



INSTRUCTIONAL OBJECTIVES 

1. Determine ^he dfe,rivative of a function using the definition. 

2. Apply the rule for determining the derivative of x n , 

3* Apply the rule for determining the derivative of-cu, where c is a constant 
and ,ix is a dif ferentiabie function of x. 

„ j * 

4. Apply the rule for determining the derivative of the sum of a finite 
number of dif ferentiabie functions. 

* * 

5. Apply the rule for determining the derivative of the product of two 
dif ferentiabie functions. 

6. Apply the rule for determining thfe derivative of the quotient of two 
dif ferentiabie functions where the divisor is non-zero. 

f 

7. Apply the rule for determining the derivative of u n where u is a' differ-, 
entiable*function of x and osta rational. 

8. Determine higher* order derivatives. 

9. Apply the dtethod of implicit differentiation to algebraic equations. 
10. Apply the chain rule 'for derivatives. 

11« Apply the rules for dif ferentiation to construct differentials^ 



) 



ii-i 
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UNIT II. DERIVATIVES OF ALGEBRAIC FUNCTIONS 
PERFORMANCE OBJECTIVES • 

By tjhe end of this unit the student should have mastered the* objectives 
listed below. 

1. a) State the definition of the derivative of a function, 

b) Apply the definition to a Junction of the form u n where n Is a 
positive integer* 

c) Apply the definition to a function of the form u n where it is negative. 

d) Apply the definition to a function of the form u n where n is rational, < 

2. a) State the rule for determining the derivative of x n , where n is a 

rational number. 

r 

b) . Apply. the rule for determining the derivative of x n where n is an 

integer. ■ 

c) Apply the rule for determining the derivative of k given expression 
xn where n is a rational number. . 

3. a) State the rule for determining the derivative of a given expression^ 

cu where c is a constant and u is a dif f erentiable function of x. * 

. b) Apply ttie definition of the derivative to derive the rule for determin- 
ing tfie derivative of cu where c is a constant and u is a differentia 
abj.e function of x, 

c) Apply the rule for determining the derivative of a given expression 
cu where c is a constant and u is a dif ferentiable of x; 

4. a) State the rule for determining the derivative of .the sum of a finite 

number of dif ferentiable. functions, 

b) Apply the definition of the derivative to derive the rule for determin- 
# ing the derivative of the sum of a finite number of dif ferentiable 

functions. v / ^ 

c) Apply the rule for determining the derivative of the sum <jf a finite 
number of given dif ferentiable functions. 

r 

5. a) *tetate the rule for determining the derivative of the product of two 

alf ferentiable function** 

* 

b) Apply the definition of the derivative to derive the rule for determin- 
ing the derivative of the product of two dif ferentiable functions, 

c) Apply the. rule for determining the derivative of the product of two 
given dif ferentiable functions. 
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WIT II j PERFORMANCE OBJECTIVES (continued) " - 

6V- «) State the rule for determining the derivative of the quotient of two 
differentiate functions where the divisor is non-zero. 

W Apply the definition of the derivative to d**ive the rule for deter- 
mining the derivative of the quotient of two dif ferentiable functions 
where the divitor is riotkzero, ^ 

c) Apply the rule for determining the derivative of the quotient of two 
given differentiate functions where the divisor is noAzero. 

7. a) State the rule for determining the derivative of u n where iS^is # 
t dif ferentiable function of x, and n is a rational number. 

b) Apply the definition of the derivative to derive the rule for deter- 
mining the derivative of u n vhere u is a dif ferentiable 'function of 
z and n ii a positive integer. 

c) Apply the rule for determining the derivative of a given expression 
u n where n is a rational num£er. 

8. - a) Determine the second derivative of a given algebraic expression. 

b) Determine the' third derivative of a given algebraic expression. 

c) Determine the least value of n for which the nth derivative of a 
given polynomial is zero. 

9. a) Apply the method of implicit differentiation to determine dy for a 

given algebraic 'equation. 3x 

b) Apply the method of implicit differentiation to determine d^v for a 
given algebraic equation in terms of x and y. dx^ 



10 # a) State the chain rule for derivatives. , 

b) Apply the chain rule for derivatives to determine d£ where y is a 
given composite function of x. « 

c) Apply the chain rule for derivatives to determine d£ where x and y 
are given functions of the parameter t; 3x 

d) Apply the chair rule for derivatives to determine d^y where x and y 
are given functions of' the parameter t.' dx* 

11. a) Demonstrate a geometric interpretation of d* and dy. ^ 

0 

b) Determine the differential of y for a given algebraic expression. 
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SAMPLE ASSESSMENT MEASURES: DERIVATIVES OF ALGEBRAIC FUNCTIONS 



PERFORMANCE OBJECTIVE II - la: 'State the definition of the derivative of a function.! 



1. State the algebraic definition of the derivative of a function. 

i 



PERFORMANCE OBJECTIVE II - lb: Apply the definition'to a function of the foiTn vP* 

where n is a positive integer. 

> — 1 



1. Apply the definition of a derivative to find dy/dx, given y=x 3 . Show 
all work: 



2. Apply the definition, of the derivative of a function to determine dy/dx, 
given y = (3x-5) 2 » Show all work. 

. N 



PERFORMANCE OBJECTIVE II - lc: Apply the definition of a derivative to a function 

ok the form u n where n is negat^^. 



1. Apply the definition of the derivative of a function to find dy/dx, given 
( 

y =l/(3x+U). Show all work. 



2. Apply the definition of the. derivative of a function to find dy/dx, givferr 
y • l/(x 2 -5). Show all work. 



II-4 
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PERFORMANCE OBJECTIVE II - Id: Apply the definition of the derivative of a function 

: to a function of the form vP where n is rational* 



1. Apply the definition of the derivatives of a function to find dy/dx, given 
y «\/x 2 +5 . Show all work. > 

2\ Apply the definition of the derivative of a function to find dy/dx, given 
Show all work. 



II-5 



f 



♦ 
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PERFORMANCE OBJ*£tIVE II - 2a: State the rule for determining the derivative of xP 



where n is a rational numbe 



1. State the rule for determining dy/dx j given y = x E 



PERFORMANCE OBJECTIVE II - 2b: Apply the rule for determining the derivative 

of x where n is an integer* 



1. Determine dy/dx, . given y * x 7 • 



2. Determine dy/dx, given y = l/x\ 



PERFORMANCE OBJECTIVE II - 2c: Apply the rule for determining the derivative of a 

* * ♦ 

given expreslfyon x n where n is a rational number. 



1. Determine dy/dx given y = x 3 / 1 *. 



2. Determine dy/dx t given y = l/\fx. 



9 
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PERFORMANCE OBJECTIVE II - 3a; State the rule for deteipfCCnlng the derivative 

given expression cu where c is a constant and 
u is a differentiate function of x. 



1. State the rule for finding dy/dk, given y = cu, c is a constant, 
and u »' f (x) . 



PERFORMANCE OBJECTIVE II - 3b: Apply the definition of the derivative to 

derive the pule for determining the derivative 
of cu where c is a constant and u is a 
dif ferentiable function of x. 



1, Apply the diefinition of derivative to show that for y = cu, where 

c is constant and u is a dif ferentiable function of x, dy/clx = 
c (du/dx) . ; 



PERFORMANCE OBJECTIVE II 



3c: Apply the rule for determining the derivative 

9 

of a given expression cu, where c is a constant 
* 

and u is a dif ferentiable function of x. 



1. Determine dy/dx, given y - 5x , 



2. Determine dy/dx, given y ■ 7/ /x 



ERIC 
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PERFORMANCE OBJECTIVE II - 4a: State the rule for determining the 

derivative of the sum of a finite number 
* of dif ferentiable functions. ». 



1. State the rule for finding dy/dx, where y = u + v; u and v 
are both differentiate functions of x. 



r 



PERFORMANCE OBJECTIVE II 4b: Apply the definition of the derivative to 

derive the rule for determining the derivative 
61 the sum of a finite number of dif ferentiable 
functions . 



1. Apply the definition of derivative to shop that dy/dx = du/dx + dv/dx 
for y = u + v, where u and v are dif ferentiable functions of x. 

1 . 



PERFORMANCE OBJECTIVE II - 4c: Apply the rule for determining the 

*- derivative of the sum of a finite number of 

the sum of a f ihite number of given 
dif ferentiable functions < 



J 4 3 

1. Determine dy/dx, givfcn y = 3x - 5x + 7x. 



* 5 ^"3 

2, Determine dy/dx, given y - x /3 - x /7 + 2/x + a. 



II-8 
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PERFORMANCE OBJECTIVE II - 5a: State the rule for determining the derivative 

t of the product of two diff erentiable 
functions . 



1. State the rule for determining the derivative of y = uv, where u 

9 

and v are both differentiate function^ of x. - ■ 



PERFORMANCE OBJECTIVE II 



5b: Apply the definition of %he derivative to 
derive the rule for determining the 
derivative of the product of two 
diff erentiable functions. 



*1. Use the definition of derivative to show that for y = uv, u and v 
differentiate functions of dy/dx » u(dv/dx) + v(du/&c). 



PERFORMANCE OBJECTIVE II - 5c: Apply the rule for determining the 

derivative of the product of two given 
diff erentiable functions* 



1. Determine dy)(dx, given y = (2x-l) (x +x*l) 



r 



ERJC 



r— 3 2 
2\ Determine dy/dx, given y = (/"x + 7x ) (4x -7x+5). 

3. Determine dy/dx, given y - (1/x 3 = 4/x 5 + 2/x 7 ) (/"x" + 2/^~jT + 3^T?) 
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PERFORMANCE OBJECTIVE II - 6a: State the- rule for determining the 

derivative of the quotient of two 
r diffetentiable functions where the devisor 
is non-zero i 



I. 



State 



the ryle fo*r determining dy/dx when y ~ u/v, u and v are 



differentiate functions of x f and v f 0% 




PERFORMANCE' OBJECTIVE 



«3 



VE U,- £b: Apply the definition of the derivative to 

der±Ve the rule for determining the derivative 
of the quotient of ^two dif ferentiiable functions 
where the divisor is non-zero. 



1. Use the (definition of the derivative to show" that for y = u/v # 



u and p v dif ferentieUale, functions of x, and 



, v(du/dx) u(dv/dx) 

V 2 y 





0, dy/dx •= 

as 



PERFORMANCE OBJECTIVE II* - 6c: Apply the rule for determining the 

^ * derivative of the c^uotient^of two given 



ERIC 



differentiable functions where the divisor 
is non-zero. - . ' . 



1. Determine dy/dx, given y ■ 



x - 5x + x 
x - 2 

„3 



2. Determine dy/dx, given y = — zp 



6x -~4x + 5 



PERFORMANCE OBJECTIVE II - 7a: State the rule for determining the derivative^ uO 

wher^Ws a differenti able* function of x and n is 
■> a rationaflfciumber • 



1. State the rule for determining dy/dx when y * u n < where u is a differentiate 



V 4 

. ^function of x 



f ) ERFORBMlC« OBJECTIVE II - 7b: Apply the definition of the derivative to derive the 

'» r rule for determining the derivative\?f u n wher£ u is 



a differentiate* function, of x and n is a positive 
integer, " , 



1. Use the definition of the derivative to show that for y - u n , where u is 
a differentiate function of x, dyVdx = nu 11 *" ,(du/dx). % 



, dy\dx 



PERFORMANCE OBJECTIVE II - 7c: Apply the rule for determining th§ derivative of a 

given expression u n where n is a rational number 



J.. Determine dy/dx ; given y * (5x 3 - 2x) 12 



2. Determine dy/dx., given y = \f3x k + ?x 2 - 7x 



ERLC 
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PERFORMANCE OBJECTIVE II - 8a: Determine the second. derivative of a given algebraic 

expression , • fc 



1* Determine d 2 y/dx 2 t given that.y = 5x 3 - 6x 2 + Tx - 8 , 



2. Determine d 



2 y/dx 2 ) gi*en y = (5x 3 ~ 7x + k ) 2 , ' ^ 



3. Deteniiine d 2 y/dx 2 given y = 3x 2 4 

x + 1 } 



7 ' — T 

PERFORMANCE OBJECTIVE II - 8b: Determine the third derivative of a given algebraic 

/ 



expression 

1 



l! Determine d^/dx 3 given y = kx 5 - 3x 3 +7x , 

$ - ' . . . • 

2. Determine d 3 y/dx 3 ; given y - 3x 2 + 9x + 8'# 

% 3. Determine dV/dx 3 given y * (3X-1) 1 * , % 



t 
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PERFORMANCE OBJECTIVE II - 8c: Determine the least value of n for which the nth 
^ . * * • - - derivative of a polynomial is zero, 



^ 1. If f(x) = x 11 , integer n>^/the firs ^eri v^tive of f(x) which is identically 
zero is 

a) the' first .b) the Tn-l)st c) the (n+l)st . the (n+2)nd 

• » 
e) the nth J 



2. What ,is v the least value of n for which 'the nth derivative of ' 3x 7 - 5x* *-Sx 3 
is equal t<* zero? * 



9 
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PERFORMANCE OBJECTIVE II - 9&: A£ply the anethod of illicit differentiation to 

x 

determine dy/dx for a given algebraic equation. 



1. Determine dy/dx, given y 2 =x , 



i 

4 



* 2. Det«mine dy/dx, given 3x 2 - Uxy + Ty 2 = 8 , 



3. "Determine dy/dx # given y = \ 3x + y ,| 

V x - 2y 



7' 



IPERFORMANCE OBJECTIVE II - 9b: Apply the Method of illicit 'differentiation to 

'determine d 2 y/dx z for a given algebraic equation in 
m - # , , terms of x ftfid y * . ~ 



f 



1. Determine d 2 y/dx^ given x 3 + y 3 = 5 



2. Determine d 2 y/te 2i given \/xy ■ y 



V 
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IFERFORMAHCE OBJECTIVE II- 10a: State the chain rule for derivatives* 



1. State the chain oile foraffivatives 



*ERFORMAHCE OBJECTIVE II - 10b:' Apply the chain rule for derivatives to determine 
- dy/dx where y is a given coifiposite function of x 4 



^ 1. Determine dy/dx > given y = u 2 + 1, u = x 2 +x # 



. 2. Determine dy/dx given y 



3. Determine dy/dx given y = 



PERFORMANCE OBJECTIVE LI - 10c: Apply the chain rule for derivatives to determine 

. dy/dx where x and y are given functions of the 

parameter t * 



l.%Determine dy/dx , given x= t 2 -l and y = ,6t - t 3 



2. Determine ^iy/dx , given x = \Jt 2 + 2t and y = t 3 +3t 2 + 3t . 

: . - 3 :, 



1 



r 
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PERPORMAHCE OBJECTIVE II «p lOd: Apply the chain rule for derivatives to determine 
• ■ „ d 2 y/dx 2 where x tod y are given functions ^o^ the 

parameter t , 



1. Determine d 2 y/dx 2 ^ given x = t k and y = t 2 - 1 



2\ Determine d 2 y/dx 2 > given x = t 2 + 2t and y = t 3 - 3t < 



r«5 



Li 
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jPERFORMASCE OBJECTIVE II - 11a: Demonstrate' a geometric interpretation of dx and dy.| 




N 

Complete the diagram with appropriate labeling to show the relationship between 



dy and dx. 



PERFORMANCE OBJECTIVE II - lib: Det ermine vthe -differential of y for a given 
, ' , algebraic expression! , . 



1. Determine dy^ given y * (3x+l) 3 . 



2. Determine dy ( given 3y 3 = (Ux -2) 1 / 2 . 



3. DetermineNty- given x 2 y 3 - 3x 3 y 2 = kx , 



11-17 
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UNIT II: DERIVATIVES^ OF ALGEBRAIC FUNCTIONS 
ANSWERS TO ASSESSMENT MEASURES 



•7 



la) J 

(lh lim 4£ , 11m f(x+Ax)-f(x) , lim fCx+h)-f(x) , OR lim f (x)-f (a) 
x+0 fix A x*0 Ax h*0 h x-*-'a x - a 

t» ' . 

NCI) dy/dx - 41m • & - 11a (x+ax)3- x 3 
' Ax+0 ax AX+.0 ax ' 



-11a x3.+ 3x2 ( A x) -i- &( AX ) 2 -+ (Ax) 3 - x 3 
Ax-*0 A x 



* 11m A x {3x2 + 3x(ax) + t^) 2 \ 
Ax-^0 Ax ( 



3x2 



(2) dy/dx - lim 42 - lim f3(x+ A x) - 5} 2 ?l(3x-5)2 
Ax-+0 ax Ax->-0 a x 



c) 



" 11m 9(x2 -I- 2x(ax) + (Axf) - 30(x+ax) + 25 - (9x2- 3 Ox -I- 25) 
Ax+d „ Ax 



- lim Ax{ 18x + W - 30} 
Ar*0 Ax 

- 18x j 30 

(1) dy/dx - 1 il Ay_ - lim f i - 1 V J. 

L3(x-»Ax) + 4 3x + 4J Ax 



Ax+0 Ax* Ax+0 L3(x-»Ax) 

1 f3x + 4 '-[ 3(x+Ax) + 4] \ 
x, L (3x+4) (_3(x-Wx) + 4] J 



- lim 

Ax*0 A 



- lim _1 Ax(-3) 
Ax*0 A x .(3x4**) { 3U"Wx) + 4} 



(3x+4) 2 



H-18 n _ 
S2 



UITT II: 1 AHSW^S TO ASSESSMENT MEASURES (continued) 
(2) dy/dx = ItJ tg_ ■ lim 



1 •) J 

lia/ « 111 1 f 1 - 1 ) 

Ax-K) Ax Ax-K) Ax ((x+Ax)*- 5 x* - 5J 



lim JL - S - «x+Ax) 2 - ? t-t 
I {(x+Ax) 2 - 5l (x 2 -5) J 



' Ax-K) Ax |/{(x+Ax) 2 - 5i 

-i f -2x(Ax) - (Ax) 2 1 
Ax [{(x+Axj* - 5} (x*-5) J 



lim 
Ax-K) 



lim -2x -Ax _J 

Ax->0 {(x+Ax)* - 5> (x*-5) 



/ -2x 



i d) 



(1) dy/dx = lim Ay_ = lim, W(x+Ax) 2 +5 - Vx 2 +5 } t { V(x+Ax) 2 +5 + fx?+5 ) 
Ax-K) Ax Ax-K) Ax , tfx+Ax) 2 +5 + ^+5 



lim (x»Ax) 2 +5 - (» 2 +5) 
Ax-K) Ax(V(x+Ax) z +5 +v/x z +5) 



lim Ax(2x+Ax) 
Ax-K) Ax(v/ (x+*p)*+5 + v/x*+5) 



2x = x 



(2) dy/dx = lim = lim __1 f 2_ - 21 
*Ax+0 A x x+0 A x LMx+Ax ' 

* » 

f J" 

= lim J, { 2^x*. 2^?Sx },f (2^g) 2 ~+ 1A£N&?aT + (2^gSx) 2 l 
Ax*) Ax 95+AT^ (j 2 * 5 ^ + l^x^c+Ax + (2&c+AxH 



i 



= lim _1 { 8x - 8(x+Ax) - »■ } 

Ax*0 -Ax \Jbc(x+Ax) (li^ + U>3k(x+Ax) + ^(x+Ax)* 



W(*2$P\ " 3x% 



ri-19 
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UHIT II :> ANSWERS TO ASSESSMENT MEASURES (continued) 



2 a) 

(1) dy/fc = nx 11 - 1 



(1) 7x 6 



(2) -Ux" 5 

e) 



(1) (3/Mx- 1 ^ ' 

(2) (-l/2)x- 3 / 2 



3 a) 'c 
(l) dy/dx = c(du/dx) 



b) » * 

(l) dy/dx- = lim A£ = lim c(u+Au) - cu 
Ax-K) Ax Ax-K) Ax 



lim cAu = c lim Au = c(du/dx) 
Ax-K) Ax Ax-K) Ax 



(1) dy/dx = 15* z \ 



= (-7/2W-V5 



(2) dy/dx = (-7^2)x- 3 ( 2 



\ 

U a)" v 
5- (1) • dy/dx - )du/dx + dv/dx 



-hi 



(1) dy/dx = lim A£ = lim (u+Au) + (v+Av) - (u+v ) 
Ax-K) Ax Ax-K) Ax 

/ 

= lim ♦ Av = lim Au + lim Av 
Ax-K) Ax Ax-K) Ax Ax-K) Ax 

b du/dx + dv/dx • 
A 11-20 

EMC 64 



UBfIT II: ANSWERS TO ASSESSMENT MEASURES (continued) 



5 a) 



b) 



o) 



6 a) 



(1) dy/dx = 12i 3 - I5x 24 + 7 '3 

(2) dy/dx = (5/3)x* - (3/7)x 2 - 2/x 2 

(1) dy/dx = u(dv/dx) + v(du/dx) 



(1) dy/dx « lim Av_ = lim (u+Au) (y+Av) - uv 
Ax+O Ax Ax-K) , Ax 

«<* 

■ lim uv + uAv + vAu + AuAv - «v 
Ax-K) Ax ! 



lim u Av + lim v Au + lim Au A v 
Ax-K) Ax Ax-K) Ax Ax-K) -Ax 



= u lim. At + v lim Au + av lim £u 
■ Ax-K) Ax Ax-K) ' Ax Ax-K) Ax 



u(dv/dx) + v(du/dx) + Avffcu/dx) As Ax-K),Av-K) J 
u(dv/dx) ♦ v(du/dx) thu8 Av ( du/dx )-o. 



t 

(1) dy/dx = 6x* + 2x + 1 



.(2) dy/dx * (l/(2\/x) + 21x 2 ) (Ux 2 - 7x + 5") + (/£ +7 X 3) (8x 7) 

# 

(3) dy/dx« = (-3/x«» + 20/x 6 - lU/x 8 ) (/I + 2\£ + 3$c) + 
— • (l/x3 - Vx5+ 2 /x7) il&JxM%6&Wrt!ltf*)) ' 

* ' t 

(1) dy/dx = v(du/dx) - u(dv/dx) 
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USIT II: ANSWERS TO ASSESSMENT MEASURES (continued) 



6 b) 

(1) dy/dx = lim A£ = lim JL [ u+Au - u 1 
Ax-K) Ax Ax-K) Ax L v+Av v J 



lim _1 [ y(tt+Au) - u(v+Av) J 
Ax-*0 Ax L (v+Av)v 

1- [ v Au - u Av 1 
(v+Av)v L Ax Ax J 

= lim 1 [ v lim Au - u lim Av 1 
Ax-K) (v+Ar)v I Ax-K) Ax Ax-K) Ax J 



lim 
Ax-K) 



c) 



= 1 [ v(du/dx) - u(dv/dx) ] since lim (v+Av) * v as 
'« Ax-K) 

lim Av ■ 0 
Ax-K) 



(1) dy/dx =. 2x 3 - llx 2 + 20x ~Z 

(x - 2)* 



^ (2) dy/dx = 6x* - 8x 3 + 15x 2 



7 a) 

(1) dy/dx -■ nu n-1 (du/dx) 

(1) dy/dx = lim ^ »' lim (u+Au) P - u? 

Ax+O Ax Ax-*0 Ax 



= lim au p -*Au + n(n-l)u p ^( au)*-*- n(n-l)(n-2)tt p -3(Att)» + ... + (Au) p 

AX-*0 , Ax 

= lim Au [ nu 11 " 1 + n(n-l)u Il - 2 Au + ri(n-l)(n.-2)u*- 3 ( Au) 2 +\ .' . + (Au) 11-1 ] 

AX-+0 Ax — - — 



■ nu n_1 (-du/dx) sin,ce Au+O aa Ax-»0. 



ERIC 
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UNIT II: ANSWERS TO ASSESSMENT MEASURES (continued) 

e 

7 c) 

(1) dy/dx - 12(5x s - 2x) 11 (15x 2 - 2) 

(2 , av/dx - 12 * 3 i 4 * - -2 < 

2/3x*-t2x z -7x 

8 a) 

- (1) d 2 y/dx 2 = d(d ^ dx) d(15x 2 -^12x+7) m 

(2) d 2 y/dx 2 = 2(375x H - 420x 2 +120x'+49> 

(3) *W'- ^ • • ' 

b) 

(1) y'" - 240x 2 - 18 

(2) d 3 y/dx 3 =0 

(3) y»" - 648(3x-l) 

c) 

(1) c) . ' 

.(2) 8 .* 

9 a)' * 

(1) dy/dx = l/(2y) 

(2) dy/dx = 1* " 

7y - 2x ' 

2 

(3) dy/dx » = 3 ~J 2 , 

2xy - 6y - 1 

r . 
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UHIT II: ANSWRRS TO ASSESSMENT MEASURES (continued) 
9 b) 



(1) d 2 y/dx 2 * -2xy 3 2± 

(2) d 2 y/dx 2 = . 2xy - 2y 2 



10 a) 



UK dy/dx -= (dy/du) (du/dx) " 08 , y' = f'(g(x)) g\(.x) 



- (I) dy/dx = 2(x 2 +x) (2x+l) 



' (Jjf) dy/dx = ■ 3x 2 +8k 



j 2Vx 3 +l*x 2- -7 



(3) dy/dx = U(x 2 -5) 3 (-xVlsx^Ux) 

(x^l ^ 



r. 



c) 



(1) dy/dx, = ~ 3(2-t 2 ) 



^/ (2) dy/dx' = (t+1) \ft 2 +2* 

d-)/ > ■ ■ 

' (1) d 2 y/dx 2 = - ,1 

' St* 



11 a) 



(2) d 2 y/dx 2 - 3. 

Ht+iy 



(1) 




tOJIT II: ANSWERS TO ASSESSMENT MEASURES (cdjltinued) *' 

It ^. . 

(1) dy = 9(3x+l) 2 *dx 

* . . . > . 



r 
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UNIT III:, APPLICATIONS OF THE DERIVATIVE 



INTRODUCTION 



The purpose of this unit is to enable the^student to apply the theory and 
methods of differentiation developed in Unit II. Emphasis should be placed 
on this unit as it is the student's Introduction to calculus as a tqol for 
solving problems. The jrole of differential calculus acquires new in^ortance 
when applied to problems involving rates' of change, maxima ahd minium, and 
velocity and acceleration., Use'of the first and, second derivatives refines 
and extends techniques of. graphing. 

In addition to reinforcing methods of differentiation, Unit III develop* three 
important new theorems: 0 Rolle's Theorem, Mean Value Theorem, and l'Hdpital's 
Rule. Note: Teachers whose students are preparing for the advanced place- - 
ment examination may wish to include at this time the Applications of the 
derivative involving velocity apd acceleration vectors and speed rather than 
waiting until the unit"oij vectors at the end of the course. 



INSTRUCTIONAL OBJECTIVES 
• ' * * 

1. Uptermine the equations of the tangent *nd }*he normal lines/ of a curve. 

2. Apply the first and second derivatives to determine the critical points 
of a function. ^£ 

3. Determine the solution of word problems involving^ the use of first ov 
second derivatives. * „ 

4. m Apply Rolle's Theorem for a function. 

5. Describe- the Mean Value Theorem for a func^bn. 

6. Apj^ly l'Hdpital's rule for determining limits. * 

• » 
>T. Apply differentials to determine the linear approximation of a function. 

PERFORMANCE OBJECTIVES « ' 

By the end of this unit, the student should hav* mastered the objectives » ' 
listed below, ^ <- 

1. a> Construct an Equation of a line .tangent to a given ctfrve through a 
point on the curve. 4 

b) Construct an equation of a line .normal to a glyen curve through a 
point on the curve. 

* 

c) Construct an equation of a line tangent to a given curve through a 
point not on the curve. 



( 
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UNIT III: PERFORMANCE OBJECTIVES (continued) 



7*r 



d) Construct an equation of a line normal to a given curve through a 
$>int not on the curve. 

4 * J » 

2. a) Apply the first derivative to locate £he critical points of a function. 

b) Apply the second derivative to identify the critical points of a 
function. ' • , . 

c) Construct the 'graph of a function indicating the coordinates of ' 
critical points and points of change in concavity. 

3. % a) Construct the velocity and the acceleration functions ftom a distance. 

function. 

b) pons true t solutions of problems involving velocity and acceleration 
froA a given distance function. 1/ 

c) Construct solutions of problems involving related rates'. 

d) Construct solutions of problems involving minimizing or maximizing' 
a function.- * 

4. a) State Rolle's Theorem. 

b) Apply Rolle's Theorem to isolate the roots between a given pair of 
. numbers for f(x) ^ 0. 

5. a) f State the Mean Value Theorem, 
b) Demonstrate a geometric interpretation of the Mean Value Theorem. 

6. a) State l'JiSpital's rule/ 

b) Identify problems for which it is appropriate to use l'Hopital 1 s 
rule.. * , ' ',n • « 

,.c) Apply l'Hfi^ital'* rule to problems of the form 0 or OCL 

* • ♦ • » U ' 00 / 

7. a) Determine the change in the range for a. specified change in the domain 

using differentials. 



,y) Describe a geometric interpretation of a differential.' 
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SAMPLE ASSESSMENT MEASURES: APPLICATIONS OF THE DERIVATIVE 



PERFORMANCE OBJECTIVE itl - la: Construct an equation of a li^ tangent to a given 



curve through a point on the curve. 



I. The equation of the line tangent to the curve y - 3x? - 9x - 6 at 
point; (1, -12) -is . • 



the 



1* % 

2. -If x =(t + 7)7 and y = 4t» # - .1, then the equation of the tangent line at 



t - 2 is 



A 



'3. Determinate equation of the line tangent to f(x).« 4 - x* -at the point 

\ ■ ' ' ' ' 



where its sloped is -2. 



PERFORMANCE OBJECTIVE III - lbi Construct an- equation of a line normal to 
* ■ given curve through a point on the cutve. * 



1. The equation of the line normal, to the curve y ■ x 3 - 7x + 4 *t the point 
(0, 4) is * m • 

If* x * t - t 2 and y - t - t 3 , the' equation of the line normal to the curve at 

•■ % • * > 

• t - Ms, , 4 . . . * * . 



3. Determine the. equation of the line aormal to f (x) - 3x 2 - (-)x,+ 1 where 

, » - * 2 • • 

• the slope of the" tangent is/3/2. 



J 



< o 
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PERFORMANCE OBJECTIVE III - \c: -Construct an equation of a line tangent 

/* to a given "curVe through a point not on 

* the curve. 



1. The equation(s) ft th f tangent to h(x) - 4* - 3x2 passing through the point 
(0, 3) is/are ' - ' • 



.... V 

2#r Determine the equation(s) of the tangent N through the point (2, -2), to 
1 the hypetbola x s - ye» 16. 




PERFORMANCE OBJECTIVE III 



Id' Construct v an equation of a line normal to 

- / 
a given curve through a point not on the 



curve. 



1/ The equation of £he line passing through the point (2, 1) and normal to 
the curve y s m .4x is 



^.^Determine the equation(s) of the normal line to .y?- (x - l) 3 through / 
(29, 0), ' / . 



4 



1 1 1-4 
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PERFORMANCE OBJECTIVE III - 2a: Afcply the f Irst.derivative to locate the critical 

pointy of a function. 



1. locate all critical points of the function y * - x 3 

2. Locate all critical poilits of the function y = x* (x-l)s. 



PERFORMANCE OBJECTIVE III - 2b: Apply the second derivative to; identify 

the critical points of a function. 1 



•1. Using first and second derivatives o"t y r 2x 3 - 9x a + 12c+ 12, locate all 
relative maxima and minima points. 

2. Locate all relative maxima and^rtinima points of y = x 4 - x 3 using the 

second derivative for verification. , * 

* i 

* - , - 'J ♦ . 

3* Locate all relative maxima and minima points of y ■ 2 * ustng the 

4 7 '2 + x2 \ * • 

second derivative for verification. 



PERFORMANCE OBJECTIVE III - 2c: Construct the graph of a function, indicating • 

the coordinates of critical points and points 
of change in concavity* 



1. 



1 * 
Construct the graph of y * J (x* - 6x2 + 6^ labeling t;he coordinates of all 

relative maxima apd minima with M and m, respectively, and all points of 



inflection with I. 



2i 

/ 



Construct the graph 4y * x2 labeling the coordinates of all relative 

maxima and minima with M and m, respectively, and all points of inflection 



with I. 



i 



3. 



Constructive graph of x^y * (x - 2)2 labeling the coordinates of all t 
relative ma»1«p« and minima with M and m, respectively, and all points of 
inflection with I.„ . 



O 
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PERFORMANCE OBJECTIVE III - 3a: Construct the velocity and the acceleration 

# 



functions from a distance function. 



1. The position s of an object is given by s * ^t 3 - t 3 + 1. Writs the 

6 

acceleration and velocity functions .from the distance function. 



1 

2. ,The position s of an object is givetyby s ■ 3t — — 

• I ' * . ' ♦ 1 

and velocity functions from the distance function. 



Write the acceleration 



PERFORMANCE OBJECTIVE III -3b: Construct solutions of problems involving 



velocity and acceleration from a given { 
distance function. 



1 # The position s of an airplane t seconds after touching^^e ground^s g'iven 
' by s ■ 186t ~*10t 3 . Find how far the plane will travel before it stops. 

2. The position H x of /a moving particle at time Ik is^iyen by tfce formula 

x ■ *p4~i' f or 0^t^2. Vjrffte the velocity and tfie^acceleration functions 

J m 

from the distance function and find the particle's acceleration when tt* 2. 



ERLC 
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PERFORMANCE OBJECTIVE III - 3c: Construct solutions of problems involving 

related rates. 



ERIC 



. A spherical snowball is melting. Its volume is decreasing at a rate of 
200 cc per minute. At what rate (with respect to time') i^ the radios r 
changing when r - 10? (V « j n r 3 )* / 



2.< The radius r of a right circular cone ip decreasing at the rate of^ inches 

i 

per minute and the altitude h is increasing at the rate of 3 inches per 
minute. When the radius is 18 inches and the altitude is 20 inches, find 
the rate at which the volume is changing (V ■ i tt r 3 "). 



3. A weight ijs attached to one end of a rope which passes over a pulley 
20 feet above the* ground. A man who keeps his hand four feet off the 
ground grasps the other end of the rope and walks away at the rate of 
two feet per second, when the man is 12 feet from the point directly 
under the pulley, the weight is off the ground and rising. At what 
rate is it rising? 




PERFORMANCE OBJECTIVE III - 3d: Construct solutions of problems involving 

minimizing or maximizing a function. 



1. Express the ftunaber 12 as the sum of .two positive ' real, numbers in such a 

0 

way that the product of one of them by the square of the other is as large 
as possible; 

2. A man has a stone wall alongside 3 field. He has 1200 feet of fencing 

material* and he wishes to make a rectangular pen, using the wall as one 
/ 

side. What should ^the dimension of the pen be in order to enclose the 
largest possible area? 

A 

3. In a certain, locality and type of soil, it is found that if 20 orange trees 
are planted per acre, the yield will be 500 oranges per tree ^ and that the 
yield per tree fs reduced by 15 for 6ach additional tree per acre. What 
is the best number of trees to plant per acre? 

4. ' What is the area of the largest rectangle with lower, base on the x-axis 

and upper vertices on the curve y ■ 12 - x 2 ? 



C 
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OBJECTIVE III - 4a: State Rolle's Theorem ♦ 



1. State Rolle's Theorem (in symbol^ where possible). 



5\ 



/ 



PERFORMANCE OBJECTIVE III - 4b: Apply Rolle ! s Theorem to isolate the Toots between 

| a given pair of numbers for f (x) ■ 0 



1* J)etermiae whether the following function has exactly one real root in the 
interval' -t< x < 1, f(x) ^ 2x 3 - 3x^ - i2x - 6., 

2. Show that between any .two zeros of a polynomial, there is at least one zeto 
pf the derivative of the polynomial. 



S 
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I PERFORMANCE OBJECTIVE III - 5a: State the^fean Value Theorem. 



1. State the Mean Value Theorem (in symbols where possible ), 

t i 



PERFORMANCE OBJECTIVE III - 5b: Demonstrate a geometric interpretation of the 

Mean Value Theorenu 



1. 'demonstrate geometrically the relationships of the Mean Value Theorem. 

m 

2. Read each of the following statements very carefully and decide whether it 
is True or False. If you" answer False," you must supply a counter-example 
to the statement to justify your answer. No justification need be «given 

for an answer of True. ^ 

\ 

a) If f is continuous on the closed interval £a, bj , f'eXists on the 
"open interval (a, b) and f(^) <{(b)*, then f is increasing 
throughout |a, bj. 

B) If f' exists throughout [a, bj , then there 'is at lea^t one point 

f r i 

" v 'w in (a,b) such that f / (w) » Jf(b) - f(a)J / (b-ei). 

H / * * 

c) Sin«e Rolle's Theorem is a special case of the Mean Value Theorem, 

thfen if f satisfies the hypothesis the Mean Valu^^U^tfr^m, it 

must also satisfy the hypothesis of Rolle's Thedrem.^ 



/ v. 
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PERFORMANCE OBJECTIVE III ~ fca* State lfHQpital's rule. 



1. State I'Hd&itaVs rule (in symbols, whetfe pdfcsittle) 



PERFORMANCE OBJECTIVE III - 6b: Identify problems for which it is 

appropriate to use l'H&pital's rule. 



1. For which of the following is it appropriate to use l'H&pital's rule? 

'i : r 



a) lim 2x - x _ - 3 
X*l x + 1 



b) lim x - 1 



x-*l/x2 + 3-2 



p) lim /x 2 - 1 
x*» 2x + 1 



<d) lim x 2 * + 1(T 



e) lim ^ X 



x*o i/x + f 



/X 



4 



PERFORMANCE OBJECTIVE III - 6c: Apply l'Sfi^ital's rule to problems of 



0 °°. 
the form - or g 



1. Evaluate lim • - x^ 16' 
x-4 x - 4 



v 



2. Evaluate lim 



k ~ 1 



x-i y x s+ 3' -2 



3. Determine lim * x 2 - 1 

X-#oo 4x2+ X 



si 
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PERFORMANCE OBJECTIVE III >- 7a: Determine the change in the range for a 

specified change in the domain using 
differentials*. ^ 



1. If*y s xP, approximate the change in y when* x changes from 2 to 2.i, 



/ 2. By m^ans of differentials , find an approximate value for (32. 04) 8 * 



4t 



9 



PERFORMANCE OBJECTIVE III - 7b: fl&cribe a 'geometric interpte^tion of a 

'differential. 



1. Describe a geometric Intelsat tat ion of a differential. 
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UNIT III: APPLICATIONS OF DERIVATIVES 



ANSWERS TO ASSESSMENT MEASURES 

' 4 » 

a) ' *■ V* 



(1) 3x + y = -9 ' 

(2) 288x - y = 833' 

b) 

(1) x - 7y + 28 -'0 

(2> x + 2y » 0 ' 



i 



(3) 4x + 6y - 1 

(1) • Equations of tangent Hne. are 2x + y ■ 3 and JOx - y =' -3 

(2) 5x - 3y - H 



•d.) 

S 



^Equation' of adrmal line is x + y * 3 
(2) Vhk 3y * 29, x~- 3y - 29 , 



2, a) 



, (1). (0, 0) and : 



(2) (0, 0) (J f >, (1, 0) 



b) 



(1) \ Relative maximum at (1, 17) and restive mindnum at (2, 16) 

(2) Relative minimum at (1 , ^||—) , ne relative maxim pti 

(3) .Relative minimuoat ( - m JZi'z££) . 

.Relative maxitnimat ( JT/^X " 0 « 
• 4 



c) 



(1) Points to be labeled should be mf - -fT, -J ) J(-l, J" ) * ' 
, M X0; §), 1 (1, J), and m (-/T 4 -|) 
: NOTE: Graph is symmetric to y - axis , " 



XII 14, - 
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WITT till* ANSWERS TO ASSESSMENT MEASURES (continued) • 

> 

(2) M(0; Q) , 

NOTE: Graph is symmetric to y - axis. * 
"x s."2, x - 2, and„ y ■ 1 are asymptotic lines 



(3) Note that y = 1 - 4x _1 + Ax" 



3 



3. a) 



m (2, 0) and 1 (3, |) « 

x = 8 and y = 1 are esyrtptotic lines 



(1) V - ft» * 2^. , a r t - 2 



* (2) v - 3»+ f3 , a - -2t"» ' . , 

. (i) v - 180 - 20t 

• - ' . c . 

Plane travels 810 units before it stops*. 

... * It.- 

* 

(2) v* 3(t - 3)"2, a - -6(t-3) -3 , a - 6 when t — 2 

\ 

(1) dr * cm per minute 

(2) dv * -156tt cabic inches per minute 

(3) 6/5 ft. /sec. . . « . ' 

d) 

• '(llT Non-squared number is 4 and . squared number i^'o, 

(2) 30$ feet by 600 feet ; ♦ ^ *• V 

(3) y - (2^+ x) (500 - 15x.) 200 - 30x 
, y' * 0 when x * 6j • ^ ( 



. 4 




1 



y(6) - 1066G, y(7) - 10665 . . ' ( s ' • - (' 

* *' Plant 27 treea,per acre , . . ( . . 

: < • . • •• •• . 



\ 



er|c . ' ' - 4 
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UNIT III: ANSWERS TO ASSESSMENT MEASURES (continued)* 
(4) A - 2x (125 - - 24- 6*? X 



A' 



0 when x - 2-/and A" - -24 when 'x - 2 
Is 32 square Units , ^ 



4. a) 




(1) If f(x) is cc^ntinuousVx e [«, and if f(a) - f.(b) - 0. 

and if f'(x) existsV x* e^a, b), then 3 c e (a, b»f'(C) ■ 0# t 

b) ' ' U , ." v • "-'» ' - \ • ' % * 

(1) f*(») - 6x 2 -6x - 12 ' . 

' f''<x) - 6(xs- x -2), f(x) - 6(x-2)(x+l) 

Therefore thepe is no cSwr-^-l. l) such that f 1 (c) = 0. fc yhus the' 
f , function doCs not change direction on (-1^ 1) J ^ There is at most 'one 

* * v 4 . e 

tfeal root on (-1* f(-l) = 1, f(l) = *19. Therefore there, is 

^^ptly one real root. * 



( 2 ) See page ^ 109, Thomas Calculus , 1972. 



a) 



(1) If f(x)4s continuou»Vx e [a, bj and* *i£ V exiftaV.x e(alb}, # 



, then3 c, e (a, b) * f ' (c) - f(b) 2 fjfM f . ; 

i b - a 



% V 



b) (1), 




-Slope' of tangent line - f'(C) * slape 'of chord 



b / a 



UNIT III: . ANSWERS |p ASSESSMENT MEASURES ( continued \ 



> 



X £ 3 



b) t v . % 

c) P; f (x)f - (x -1)3, 0 sjc s3 , f(0) - 1 and f<3) - 4 



4 



i/\a) If (a) «\ 



lim f'(x) 



- IpCa) = 0 or if f (a).* g(aK and if =- exists, 

x+a g'(x) 

then ZgL " "» £4iL. / 



00 

— 4 
00 



?c-*a g(x) x** g f (x) 

b) (b) is in the form £ ; ' 
, (c) and '(d) f are.in the form ™ 

c) ^ 
• (1) 8 

, (2) '2 *' 

ft 



f 



7. a) 

* * 



(1) 0*4 

.(2.) Let y «. k 8 the^y' - Jx"* 
' - dy - «(32)"g- 



' 0^ , 3 



, 4 
100 



•16 

fooo, 



.016 



4 . 



Thtis: r 32.0^4 (32)r + 0.i6 » tt.Olfc 
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UNIT III: ANSWERS TO ASSESSMENT MEASURES (continued) 



J 



CD 




Differential of y which approximates th^ change, in^y for the 
curvey « f (x) is the slope of the tangent line at x^t^mes / 



the change in x. 



/ 



ERJC, 




4 . 



INTRODUCTION 



. V: 



% ptlT IV: THE IJITEGRAL 



Previous units have presented materials jrelated to differential calculus. 
In- Unit IV, the studept itf introduced to the other branch of calculus, 
integral calculus. The first treatment of the integral presented in this 
unit, i,s that of the .indefinite integral, or the antiderivative. ■ This concept 
is t developed thr^ugji the solutlotf^p* simple differential equations. 

The development of the definite integral involves flje concept of area 'under * 
a iurvtf as a limit of sum^pof areas of inscribed rectangles, this 4-dea, 
which is first pursued intuitively .though geometric representation, is ( 
formally presented in the statement and proof 5? the Fundamental Theorem of 
Integral Calculus. ' 



Methods. for nuiaer*eal approximation x>f the definite integral are introduced 
through • the trapezoidal and Simpson rules. The unit concludes with state- 
ments of Hhe definition and theorems involving the Jliemann integral . 



iKsnu^njp^ * ' ~ _ — r 

!• ,^pply#the rules foF /du, . fa du (a-constant) , /(dufdv) , $nd /u n du to 
the soJ.utipft of differential equations. 

2. , Determine the approximate area under a curve.'* ) 

3. ■ Describe. the, derivation of the Fundamental Theorem of Integral Calculus 
• • (F TYc). » 

.' ' * - ' ' ' I 

4. Apply the rules' for approximating the -value, of, a definite integral. 



PERFORMANCE OBJECTIVES 



> - 1 



By the *nd of t&is\mit, the student sfiould have mastered ^Jifi^bjectivl^s listed 
below. • * ' — * 

1. a) State. the rules for /du, fa du., ' /{du + \dv) and */ ji n dii 

T>) Integrate a given expression o'f the foirm / <&// a du, /(du + dv* 

or / ^ du. ' * - * ' * r % ! * 

/v ' ■ ^ 7 V* ' , J 4 

2. Determine the approximate, apaa under a giver* turvi r over a given interval, 
using a finite nufober of inscribed (or clrcui^c^bed) rectangles v ^ 1 

3. a) State a definition of ar^ea under a curve as * liiit of sums 
b) Stat^ the Mean Value Theorem 'for Areas £lvf). * 



IV: PERFORMANCE OBJECTIVES (continued) 

c) * "Interpret MVT for areas geometrically* 

d) State 'the two F.T.I . .C. J , ft - 

e) ^pply the tvoF.T.I.C. 

- i . 1 . ! " * " 

a) Apply the trapezoidal rule to compute the approximate values of a 
, * given definite- integral. 

b) Apply Sflinp son's rule to compute the approximate value^of a 'given 
definite integral.. • > 



sample Assessment measures: 4he iniegral 



PERFORMANCE OBJECTIVE IV - la: y ^9tate the rules for /du, )a du, /{du + dv) andj 
. ' * and *fu n du. * ■ 



St#te the rule fpx^the following: 

V ■« 

• _ 4 1. fdu ' 



2. ' /a du (a is constant) 



0 




* . 



7 



/ • rv-3 ' 
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PERFORMANCE OBJECTIVE IV - lb: Integrate a given expression of the form 
^ Jdu, fa du, f {d\i + dv), on . Ju" du« 



it 



l, w Evaluate the following integrals: 
. (a) Jdt ' » 
(bf fk dx 

(e) J(4x + 5)dx ' 1 
(d) J(3x*"-2)*dx- 
2. Evaluate "the 'following integrals: 



' (a) f(x3_ 1 )d> 
(b) J?5x dx 



W3 - 2x2 



(c) .1(3 + 4x)2 dx 



9 
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PERFORMANCE OBJECTIVE IV - 2r Determine the approximate area under. # given 

curv^over a given interval, using a finite v 
* number of inscribed (or circumscribed) rectangles* 



1. Approximate the area under the curve y 5 x 8 f rom * ■ 0 to x a 1 
using 8 subdivisions in the interval 0 ^ x < 1 (inscribed, 
circumscribed, or both acceptable)* 

2* Approximate -the area under the curve y - x 3 from x s 0 to x = 3 
using* 24 subdivisions with interval 0 ^x* <3 (inscribed, 
circumscribed^ or bath acceptable)*. 



PERFORMANCE OBJECTIVE IV - 3a: State a^definition of area under a curve 



as a limit of sums> 



§ 



1- State a definition, of area under 4 curve as a limit of sums. 



PERFORMANCE OBJECTIVE IV - 3b: State the Mean Value Theorem for Areas (MVT). 



1. State the Mean Value Theorem for Areas/ 
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PERFORMANCE OBJECTIVE IV - 3c; Interpret the MVT for area geometri^aiy^ 1 



1. 



Complete the diagram with appropriate labeling to show the geometric 
interpretation of the Mean Value Theorem for Areas. 




PERFORMANCE OBJECTIVE IV - 3d: State the two Fundamental Theorems pf Integral 

Calculus. 



1 # State (in symbols) the First Fundamental Theorem of Integral Calculus. 



2; State (iri symbols) the Second Fundamental Theorem of Integral Calculus 



PERFORMANCE OBJECTIVE IV - 3e : Apply the two FTIC. 



1. Evaluate 



• 3. 



: f (3x. 



2) dx • 



. 2, Find F (x) for F(x) = 



Jo 1 + t s 



/x(l 



fx)s dx 



4. Find F (x).for F(x) = 



dt 



c 
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PERFORMANCE OBJECTIVE IV - 4m: App^y the trapezoidal rule to compute the 

approximate value of a given definite integral* 



1. Use the trapezoidal rule with n ■ 6 to estimate I x 3 dx and compa 

\ V 

.this approximation with the exact value of tjhe integral', 

* * ft 

2. Use the trapezoidal rule with n = 6 to estimate jT sin(|)dx and 
compare this approximation with the exact value of the integral. 



re 



PERFORMANCE OBJECTIVE IV - 4b: Apply Simpson's Vule to compute the 

I % 

approximate value of a given definite integral 



1. Use Simpson's rufe with n *= 6 to estimate' J x 3dx and compare 
this approximation with the exact value of the integral. 

2, Use Simpson's rule with h = 6 to estimate J 0 s-in(x) dx and 

/ 

compare jth is approximation with the exact value of integral which is 2. 



9 

ERIC 



94 

IV-7 



/ 



UNIT IV: THE INTEGRAL 



ANSWERS TO ASSESSMENT MEASURES 



-J 



1. a) (1) u + c 

(2) au t c VNote: 1. -4. c is constant 

13) n + v + c 



n 



W) » L + c (n ? -1) 

• n + 1 



\ 



b) U) 



(a) t + c 

« 

(b) 4x + c 



(2) 



(a) 2x 2 + 5x + c 



4 x 



5 „ _ 



(b) , - f (3 - 2x*) 

l 5- 

(c) *Yq. (3 + 4x) r + c 



tt) 35 ' 51 

128 < 128 , 



> / 



io ) 4761 <A '<• 5625 
2^6 ' 256 



. - / 

b) Let f be a non-negative continuous function over the' domain 

• b • . ' ^ v/ 

Let* A fl denote t^he area under the^gjaph of f oyer* the domain, 

there is at least one number c between a and b such, that 

* V ' A* - f(c> • (b -a). 



UNIT IV: ANSWERS TO ASSESSMENT MEASURES (continued) 



c) 




f(c)-(b a) 



Area under curve is equal to area of rectangle aPQb. 



d) (1) A* - lim 1'f ( C K)Ax = f(x) dx = F(b) - F(a) f Where f is 

continuous and integrable on [a, b} 
/ (2) F(x) = J f(t)dt for x eta, b] implies F' (x) - f(x) for a<x<b 



e) (11 -28 

(2) F'(x) • 

(3) . 1/30 

* (4). 1 



1 + xs 



-\fl - X2 



4. a) 



(1) 



xMx = 20 



(2). Trap. 



trap - 20 f 
1.95 




b) 



(1) 



20 



Simpson's ■ 20' 



(2) < Simpson - 1 Jf 4 + V3]- 2.00 (3 significant digits) 



9 

ERIC 



"IV~9 



UNIT V: APPLICATIONS OF THE DEFINITE INTEGRAL 
INTRODUCTION . 1 . 

The statement' of the Fundamental Theorem of Integral Calculus established 
•conditions for w^ich the limit of sums could be evaluated by the definite 
integral. In Unit' V, these conditions are Applfed to various physical 
situations. Problems^ involving distance, area, volume, center of mass, 
length of a curve, surface area, and work are solved by direct application 
of the Fundamental Theorem of Integral Calculus. 

Note: Ample class time jshould be provided for students to practice with„a 
large, variety of problems. This 'unit offers an excellent opportunity for 
the teacher to work with small groups and' individual students. 



INSTRUCTIONAL OBJECTIVES 

* V 

1. Apply the Fundamental Theorem of Integral Calculus (FTIC) to compute 
areas* 



2. 


Apply 


the 


FTIC 


to problems involving mot ion •* 




3. 


Apply 


the 


FTIC 


to compute volumes. 




4. 


Apply 


the 


FTIC 


to compute the length of a position 
to compute surface areas. / 


of^L plane cuirve. 


5. 


Apply 


the 


FTIC 




6. 


Apply 


the 


rule 


for the average value of a function 


over an integral. 


7. 


Apply 


the 


FTIC 


to compute the center of mass, 




8. 


Apply 


the 


FTIC 


to compute work. 





PERFORMANCE OBJECTIVES " - f i 

By the end of this unit, the' student should have mastered the objectives 
listed below. 

1. a) Determine the area of the region bounded by the horizontal axis, 

two given .vertical lines, and a given function. 

b) Determine the area of the region bounded by two given functions, 
^c) Determine the area of the region defined by a polar equation. 

2. a) Construction the distance function from a given velocity functiqn. 

b) Determine the distance traveled in a specified period of time from 
a given velocity function. 




UNIT V: . PERFORMAHCE OBJECTIVES (continued) - * 

' ' c)° Construct the velocity function from a given- acceleration function. 

d) Determine the 'distance in a specified period of time for a given 
acceleration .functitra. 

* 3. a) Determine the volume of a solid of Revolution, using the slicing 
v method. . . . ' / 

b) Determine the volume of >a solid of revolution, using the cylindrical 
shell method. - 

c) Determine ^the volume of a solid having a known ctpss section. 

4. a) Determine the length of a portion of a cut^e defined iTn rectangular 

coordinators. 

<^ b) Determine the length of a portion of a curve defined in polar 

coordinates. 

5. a) DetertaLne the surface area generated by £he rotation of a portion 

of a curve defined in rectangular coordinates. 

b) Determine the surface area generated by the rotation of a portion 
-of a curve defined in polar cobrdinates. 

* 6. a) State the raft for the average value of a function. 

b) Determine the average value of a given (unction over a given interval. 

7. a) Determine the center of mass for a portion of a given curve. 

b) Determine the center of mass for a given region of a plane. 

c) Determine the center of mass for a given solid. 

8. a) State the definition of work. 

b) Determine the work done by a varying force acting over a directed 
distance.. 



j 
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SAMPLE ASSESSMENT MEASURES: APPLICATIONS OF THE DEFINITE INTEGRAL 



PERFORMANCE OBJECTIVE V - la: Determine the areaof the region bounded by the 

horizontal axis, two given vertical lines and a 
given function. 



Determine the area of the region bounded by" the curves y : 3x 2 ', 
x - 1, x * 3, and the x-axis. 

Determine the area of thfe region below the parabola y » x 2 - 4, 
above r^fae x-axis and between the lines x * -3, x^f 3. * 




A*" 



PERFORMANCE OBJECTIVE V. 



lb: Determine the area pi tike region bourvrf^i by 
two given functions* 



1. Determine the area bounded by th£ cjirves y 2 -^ an\ y * x 3 . 



2 9 The total area bounded by the cubic y - x 3 - x and*the 1 
is equal to: ■ 



ine y » 3x 



a) 4 



c) -'8 



e) 16 



J 
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PERFORMANCE OBJECTIVE - V.' - 


lc: ppte 


frmlne the area of the region defined 


> 




[ polar equation 4 


• .1, ^ 


i 





\ 

1 . Determine the area bounded by the curve r - 2 + cos 0 and the 
lines 9 « 0-6 - n < 

a) Sketch the curve whose* equation is r * 2 + sin 0 • 

b) Determine an integral for the area of the region inside 
the above curve but outside the circle r « 2^ Do not 

, evaluate. 

/ . • ' 

y 



fA J 



ERPORtyJICE OBJECTIVE V - 2aJ Construct the distance function from a given 



velocity function, 



\ 



1. The velocity of a particle is g^iven by v 5 t t - 2. 

* 1 - ? 

The formula for^ the distance traveled is 



2. A body has velocity v ■ 3t 2 - 12* + 9, At t ■ 0, s - 4, what U 

♦ & 

the distance s In terms of t? 



PERFORMANCE OBJECTIVE V. - 2b: Determine the distance traveled in a specified 

, • period of time from a given velocity function. 



ERIC 



^. , 1/ v « t 2 - t + 3 represents' the velocity of a moving body as a 

function of time, find the tdttal distance traveled by a body 1 
moving according to this law from t ■ 0 to t ■ 3. (Assume v is ± - 
meters per second, t is Seconds.) f 

2. A body moves alorig a straight line so that its velocity v at 

,time t is &iven by v =4t 3 + 3t 2 + 3. The distance it co^Crs from 

. . . — . , , * 

t » 0 to t * 2 equals: 

-a). 41 b) 30 C ) 60 d) 55 e) None of these 

•3; A body moves along a straight line so that its velocity v at time 
t is given by v ■ t 2 - 3t + 2. Determine the total distance it 
covers from ,t « 0 to t « 4. 

• 1 ' 101 

V-5 " 
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PERFORMANCE OBJECTIVE V - 2c: Construct the velocity function from a given 

\ ' ? 

acceleration function. ' • 



1 . Determine the velpcity function from the acceleration function 

a - 6t s , The initial velocity is zero. 

r 

2* A particle moving in a straight line starts from rest at t * 0 
^ith an acceleration a s ID ■ 5t. Determine the velocity 



/ 

function. 



3 . Determine the velocity function from the acceleration function 

t • * 

a = % . . 



1 i 



« 



PERBORmAcE OBJECTIVE V 2d: Determine the distance in a specified period 

.of time for a given acceleration function. 



1/ A particle moves in a line wdth acceleration a = 12t and vjhen 
♦t ■ 0, v ■ 8. The total distance traveled between t * 0 and 
t • 3 equals: 

» 

a) 30 1>) 78 c) 30 d) 46 e^^one of these 

2. The acceleration of a body is (4t with $he initial velocity 

v ■ 1. What distance dpes it travel between t * 1 and t * 3? 

o 



i 

O 



. Jo 

J 
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PE&OSMANCE OBJECTIVE V - 3a: Det ermine the volume of a solid of revolution 
* using the slicing method • 



1.' Determine thfe volume generated when the area enclosed by 
y - 3x^Tt2 ^ 



fc 2 and y = t) is rotated about the x-axis, 



a) 27TT > 



c) 



6487T 



27TT 



IT 1 



• e) 



27ir 



2. Determine the volume generated when the area enclosed by y = x 3 , 
x ■ 1, y * 0 is rotated about the y-axis. 

\ 



X 



PERFORMANCE OBJECTIVE V - 3b: Determine the volume of a solid df revolution 
, using ;the cylindrical shell method. 



—4^ 



L Determine .the volume generated when the area enclosed by 
y * x 3 , x 3 1, y = 0 is rotated about ^the y-axis. (Use the 

method of cylindrical shells, !> 
2 • Determine the volyme generated when the area enclosed by 
y ■ 4 - x* and y * 0 is rotated about the line x * 3. (Use 
the method of cylindrical shells. ) 



J * 



0 

FRir 
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EERPORMANCE OBJECTIVE V - 3c: Determine the volume of a qlolid having a known 
^ cross-section . 1 



1/ Determine the volume of a solid if its base is the circle 
x s+ y 2 -^ 9 and each plane section perpendicular to the*x-axis 
ife a square. - 



2. Determine the volume of the solid whese base is a^regipn 

• > 

bounded by /tfi^Vjine y ■ 4 and the parabola x 3 * 8y and whose 

plane section perpendicular to the y-axis is an equilateral 

■ * triang 



igle. ^ 
a) 32/T 



by 



64vT 



c) 64/3~ d) 32 e) None/of these 



r 



104 • 



ERIC 



V-8 



• V 



7 



PERFORMANCE OBJECTIVE V - 4a: Determine the length of a portion of a curve 

• defined in rectangular coordinates* 



1. 'Find the length of the arc of y = 6x2 , 0 < x < 1 ; 



2. The length of the arc'of y « 4x 2 cut off 1 by the line y * \ 



is given by the integrals 
1 



a)o / <l + 64x 3 )^dx b) / 

-jo* ,( J-i 



1 . 



(1 + 8x)^ dx 9 




a) 



(1 + 64x2 )dx 



1 

2 J (1 + dx 

Jo 



^^f" C 1 + 8x) V . 



V " 3. Determine the length of the arc of the curve x 
frdtn t = '0 to t = 1 . 



+ 



t 3 , y = t 3 



PERFORtJANCE OBJECTIVE V - 4b: ./Determine the length of a portion oj a curve 

defined in polar coordinates, 



7 



1 Determine the length of the cUrve' r * 2a ^sin j8- 



2 Determine the length of the curve r ■ 4 sin" — 

2 



ERJC 
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PERFORMANCE OBJECTIVE V - 5a: Determine the surface area generated by the rotation 

of a portion of a curve defined -in. rectangular 
coordinates, 4 * <* 



1. Determine the surface area of a frustum of a cone generated 

by revolving -the line 3x + 4y = £4 about the x-axis, 0 ^ x s 6. * 

2. Determine the surface area generated when,y = x 3 is revolved about 
the x-axi,s>, 0 <x ^2. 



2x 



PERFORMANCE OBJECTIVE V - 5b: Determine the surface, area gfenerabejj by the 

rotation of a portion of a curve defined in 
• _ polar coordinates. 



1» Determine the area generated when r 2s cos 2 9 is rotated. 

about the polar axis. v ' 

• \ 

2. The cardioid "r - 2 (1 + cos 0) is rotated abqpt the polar axis. 



Determine the surface^ area generated. 



-J 



9 
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PERFORMANCE OBJECTIVE V - 6a: State the rule for the average value of a function. 



i. State v Che rule, for Che average value of a funcClon. 




r 



\ 



PERFORMANCE OBJECTIVE V - 6b': DeCermlne" Che average value of a given 
1 function over a given* interval , 



Determine the average value of y = 3x 2 - 4x + 7 from x z 2 to x 
Determine the average vrfueiof ,y ■ /j x „2 ^ or ^ ^2. 



,40? 



ERJC 
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PERFORMANCE OBJECTIVE V - 7a: Determine the center of mass for a portion of 



given curve . 



^ X. Find the center of mass ; of ^^^■■pjf^of^ a. circle x 2 + y 2 « a 2 . 
2. Find the* center of mass of. a>rod o£ length £ if its density^ 



? 4 

varies as the scjuarfe of the distance . froto one end". 



> v 



PERFORMANCE ^>BJECJIVE V - v 7b: Determine the center of mass for a given 
* wJ region o£ a plane '. 0 



1* Find the coordinates of the center of, mass of the area 
^bounded by y « X 2 , x ■ 3, and y 38 0 . * *" 



2. Determine the center of mass of the region bounded by y ■ x 3 
and y 2 " x. ♦ ' ,» 



V-12 
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[PERFORMANCE OBJECTIVE V - 7c; Determine the center of mass for a. given solid .j 



9 

ERIC 
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1. Determine the coordinates of the cei>ter ftf mass of the solid 
of revolution produced when the region- founded by x ■ 0, y * 0. 
. 0 and y * 4 - x 2 is rotated about the y-akis. 

• ' v. ) 

V The region bounded by x ■ '0, y « 0, and y a 4 - x 2 " is rotated 
about the x-axis. *The density varies inversely as the distance 
from the x-axis. Determine thfe : coordinates of the cepfce*^. of 
mass of the solid of revolution. 



*. The region bounded'by x * 0, y * 0, and y * 4 - x 2 is rotated about 
the x-axis/ ThT*tfensity varies directly as the distance from the 
y-axis-. Determine the coordinates of^the center of mass of the 



solid of revolution. 



* 4k 



i 
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PERFORMANCE OBJECTIVE V - 8a: State the definition of work. 



1. State the definition of work.. 

c 



PERFORMANCE OBJECTIVE V - 8b: ^ Determine the work done b/a ^arying force 

' acting over" a directed distance. ! 



5 - . ' 

1. We are given a pail that weighs 3 kg and contains 30 kg of 
sand at the start. The pail^ is lifted slowly a distance of 
5 meters, and as it* is lifted sand leaks out of a hole at 
9 the uniform rate of 3 kg sand per meter lifted. Find the 
work done in lifting the pail. , 

" 2. A conical vessel is 12 feet across the top and 15 r feet deep. 

If it contains a liqyid weighing 3 pounds per cubic f&ot to a 
depth of 10 feet, find the work done in pumping the liquid to 
a height of 3 feet above the top of the vessel. 



r 




\-J " * UNIT V: APPLICATIONS OF THE DEFINITE INTEGRAL 

AMSWBBS TO ASSESSMENT MEASURES 

1. «) - " ' - 



r 



r 



3x 3 dx 



26 7 sq. 



.3 

(2> A - 2/ (x 2 - 4)dx » y 



14 sq. 

r % 4 



b) 0 , . 

d> -A- 

(2) 



* ' a) /■ f t 2 * CM 9 J 

TT ( 

* (4 + 4 cos 6 + cos 2 6] 

- 26 + 2 sin el + cole de 

0 -r 0 

2n + fc /*" (1 + cos 29^ de 

" A 

2tt + i (6 + J sin 2 6) "1 



- 2 TT $ + " 



\ 



AlfSWgRS TO ASSESSMENT MEASURES (continued) 




(1) s » J. C3 _ ^ t s . 2t + c 

(2) s « t3«.6t 3 + 9 t + 4 

(1) 13.5 m , 

(2) b 

(3) », 

(1) V - 2t3 

(2) v - lOt - | ts 

V 

(3) v - (ts- U) + c 

V 

w . b 

(2) I3yn - 5 /r+ 12 

12 

(1) b 

T V-16 
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UNIT V: ANSWERS TO ASSESSMENT MEASURES (continued) 

* * 



(2) V - /^ 2" (3 - xX y dx 

'• . 2 :' / 

- 64tt 



c) 



(1) 144 cubic units 

(2) 64/T 



4. a) . 



CD _2_ (82? - 1) 
243 



+^Six) 



dx 



(2) D. 

(3) J( 



vo 



/9tVf4t2 dt 



Jo 



4 dt 



- _!_ (13 2- " 8) 
27 



b) 



(1) 2na 



ERIC 



ds » -/r2d92 + drs 
L "/* ^ (2a' sin 6)2 d02 + (2 

Jo 

/ 2a d6 

v-i8 ; 

114 
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UNIT V: 



TO ASSESSMENT MEASURES (continued) 



(2) 



sin 2 Ipd ©2+ ( 4 sin J cos 2 d 8) 2 



r 2n 

y 

✓0 . 



sin - d 9 



•5. a) 



16 
6 



(1) S-J* 2ny (J dx) 



(2) S.- 



b) 



■ ff fl45 S,rT45 -ll * '' 

2 U . • J v 



(1) S - |2ny ds 




2/ 4 ^2n(r sin 6) (£3729)* d8 



v. H / 

« 4n^ r s^n 
(2) S « J 2ny ds 



9 d9 



7 

0 



2rrr sin 9 (2 NTT) (1 + cos 9) d 9 



128n 
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UNIT? V: ANSWERS ?X> ASSESSMENT M&A60RES (continued) 



6. a) y 



ave . 



f (x)dx 



b) 



(1) 16 

(2) 56 
9 



7. a) * 



r 



(1) y s / yV 1 + <-y) 2 <ix 




- - 2a 

x = o, y * — 
TT 



s 



/"» a , 



TTa- 



(2) 
X = 



56 

/ x(kx$ 
> 1 



dx 



>(kx2) dx • 

* » 

Center of mass is £ tff way from referenced end of rod * 



] 
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UNIT V: ANSWERS TO ASSESSMENT MEASURES (continued) , 
7. b) 



J 



(1) M - V* , x?dx - 9 

3 3 



1 

£• 4 » £ * 10 



(2) M = f ' (x* - x3) dx - TT 



5 . * , f .$£ (^C'-i 



dx 



c) 



- 12 _ 1 
* - 25 , y = 7 



v. 

(1) M » / 2 n xydx - 8 tt (Shell Method Used) 
J ° ">2 

2 TT xydx 



y - 8" 



Jo 2 



* - 0, 7»^,T=0 
3 



(2) M»y n yadx (£) - -~, (Slicing Method Used) 



X » 



(3) 

x 



■ x 'tt ya dx * ; * U y - 0, z - 0 



m j£ 2 (Ex)(x)(4- x?)adx 



9 
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^ 2 k^(4-^) 3 dx' ^ < 
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UNIT V:' ANSWERS TO ASSESSMENT MEASURES (continued) 



8. a) (1) ' Work equals force through a distance. W 
b) (1) w - / . (33 - 3x) dx 

Jo 

5 



w - 33x 



f] 



« - 127.5 kg-m 

.\ > \ 

LO 

(2) w - f 3^(18 - h) dh 



so r - J h 



w - / 12" (18hs - h^dh 

t/0 25" • ^ » \ 

,o r- "llO" 

, W - .12* r Bh 3. ^ I 

25 L tJo 

w « "12tt T6000 - 25t)ol - 1680TTft-lbs 

* 25 • . 



UNIT VI: TRANSCENDENTAL FUNCTIONS 



INTRODUCTION ' 



f 



The methods of differentiation and integration of algebraic functions that 
were developed in the previous nmits are extended in Unit VI to include the 
transcendental functions. The more familiar inverse trigonometric functions 
are developed first. Logarithmic and exponential functions are introduced 
with the definition of the natural logarithm. This is followed, by a treat- 
ment of the exponential function as the inverse of the logarithm function. 

v_ - t 

A particular application of these functions is the solution of problems 
involving rate of growth ofc decay. 

INSTRUCTIONAL OBJECTIVES ' j 

* «* 

1. Apply the rules for differentiating the trigonometric functions. 

- i 

2. Apply the rules for integrating the trigonometric functions. 

3. Apply the rules for differentiating the inverse trigonometric functions. 

4. Apply 
and 

5. Apply the formula for the derivative of the natural logarithm function- 

6. ipply the rule for Jdu. 

7. Apply the rules for the derivatives of e u and a". 

8. Apply the rules for /e u du and /a u du. 

9. Apply the method of logarithmic differentiation. 



±j uuc tuxco iwi uiiicrenuating tne inverse trigonometric function; 
ly the rules for integrating expressions of the form | du /^du 



PERFORMANCE 0BJECTIl£g8^ 

By the end o 
listed ybelow 



By the end of this fcnit, the student should have mastered the "objectives 



1. a) State the rules for differentiating tie trigonometric functions. 

b) Construct the derivatives of Expressions containing the trigonometric 
functions. 

c) Construct the derivatives of expressions containing powers of the . 
trigonometric functions. 



\ 
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UNIT VI f 

2. a) 

y b) 

c) 

3. a) 

/ b) 

4. ,a) 



b) 
a' 

a' 

b 



1L a 
b 



a, 

c 
d 

9. a 



PERFORMANCE OBJECTIVES (continued) 

• \ . > • * ^ 

Construct the derivatives of expressions containing products and 

quotients of trigonometric functions. ' 



State the rules for integrating the trigonometric functions. 

o 

Integrate expressions containing the trigonometric functions. 

r 

* * n * 

Integrate -trigonometric expressions of the form u 4 du. / 

State the rules for differentiating the inverse trigonometric functions. 

Construct the derivative for a given inverse , trigonometric function. 

State the rules for integrating expressions of the tormj* du , 



/ du , and [ du 
2 r 

l+u^ uVu 



u\/u 2 -1 . 1 



Integrate expressions of the form 



:m / du , f du , and I du 

. Jr-T J 14 y J nr • 

il -u 1+u uy u -1 . 



State the rule for the derivative of the natural logarithm function. 

Construct the derivative for an expression containing the natural 
logarithm function. 



State the rule for _ 
Integrate an expression of the form ( du . 
State the rule for the derivative of e u . ) 
State the rule for the derivative of a u . 
Construct the derivative of an expression containing e u . 
Construct the derivative of an expression containing a u . 
State the rule for Je u du. 
State the rule for </a u du. 
Integrate an expression of the form J** 1 du. 
Integrate an t expression of the form </a u . du. 

Construct an equivalent equation in logarithmic form from a given - 
equation. 



.Construct the derivative of a given equation by finst writing 
equation in logarithmic form using the base e. ^ * 



the 
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SAMPLE ASSESSMENT MEASURES; TRANSCENDENTAL FUNCTIONS % 



PERFORMANCE OBJECTIVE VI - la: State the rules for differentiating the 
/ " trigonometric functlonsi 



State the derivative of each of the following: 

l-'dfeinu) ^ 

dx * 



'2 . d(cos u) 
dx 

3. d(tan u) 

dx 

4. d(cot y) 

dx 0 

5 d(sec \f) 

dx 

6 ; d(c3c u> 

dx 



MRFORMANCE OBJECTIVE VI - lb: Construct the derivatives of expfessiojs 
containing the trigonometric functions. 



dy 

Determine for: 

1. y - sin (2x + 5)b 

2. y - cos (5x - 2> 

3. y - 2 tan (4x 3 - 5) 

4. y'- j cot (6x -3) 

5. y z 7 sec (2x - 3) 

6. y - J7T esc (x2- 3) 



/ 



VI-3 
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PERFORMANCE OBJECTIVE, VI * Iq,: Construct tfie derivatives of expressions 
I containing pBwers of tfn^trigonometric functions^ 



Determine 



;3x 



for:- 



'l. y - sin s 2x 

2. y » fc cos 4 (x 2 + 2x) 

* 3 . y * tan " 3 x ' 

* 4. y - - cot - s (3x s -7) 

5. y ■ 2 sec B />T 

6. y * 3 csc 3 5x ^ 



4 



PERFORMANCE OBJECTIVE VI - Id: Construct the derivatives of expressions 

' containing products and quotients of 
' ' ' trigonometric functions. 



3.1* Determine d£ for: 

p \ ' " d5c 

a) y ■ sin 3x cos 7x 

b) y » taif 5x sec 2x 

'A 

2. Determine |£ for: 

a) 4 sin?x 
y ' - --3 QOS 3 X 



b) ,y 



sec 2 2x 



> 



PERFORMANCE OBJECTIVE VI - 2a: State, the rules for Integrating the trigonometric 
1 functions. 



Detemine the following: 
1. - J* sin u du 

2 \ J* cos u du 

3 J ' f tan u du ' 
\4. f * / f cot u du 

5. f* sec u du 
6y. J esc u du 
7 . J sec 2 u du 
8 . f sec u tan u du 
9 . f* csc^ du 
10 . J esc u «ot u du 



PERFORMANCE OBJECTIVE VI - 2b: Integrate expressions containing the trigdnometric 

functions. 



1 



cos 2x dx 



2. .Evaluate: Ife 

. / sec 2 x dx 

Jo 

3. ysec (7x - 5) tan (7x -5) dx 



PERFORMANCE OBJECTIVE VI - J2c: Integrate trigonometric expressions 
' * pf the form u n du 



1. Jtan 2x sec^x dx*. 

2 . f cot * x csc 2 x dx 



ERJC 
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PERFORMANCE OBJECTIVE VI - 3a: State^ the rules for differentiating the tnverse 

trigonometric functions* 



State the derivative of the following: 



1 . 


d 


(arc sin. 


") 






dx 




2 


d 


(arc cos 


u) 






dx 

• 




3. 


d 


Care tan 


"> 






- V dx 




4. 


d {arc cot 












5 . 


d 


(arc sec 


«) 






dx 




6. 


d 


(arc esc 





dx 



E 



ERFORMANCE OBJECTIVE' VI - 3b: Construct the derivative' for a given inverse 

trigonometric f unction 



1. Determine djr for y ■ arc sin 2x . 
dx 



2 . Determine d%_ for y = arc cot x 3 
dx 



3, Determine djr for y ■ arc sec 3x*^ f 
dx 



v 
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PERFORMANCE OBJECTIVE VI - 5a: State the rule for the derivative of the 
* ' natural ' logarithm function* , 



1. State a ( 1 P u ) 
dx 



PERFORMANCE OBJECTIVE VI - 5b: Construct the derivative , for an expression 

containing the naftural logarithm function* 



1. Construct ^ for y » ln(x 2 + 3x + 4)i 



J t 

/l. Construct for y » ln(tan 2 x) 



dy 

3. Construct j£ for y,« ln(2x +7)3-. 



i - 



r 



PERFORMANCE OBJECTIVE K - 6a: Stater the rule for 



/du 
7u ' 



E 



r 



ERFORMANCE OBJECTIVE VI- 6b: Integrate an expression of the form 



1. f d * ' 
/3x + 7 

^ 3 ^ 

2. C <* ± !> d 

x a + 2x + 

U / cos x dx 
, * J sin x 
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{PERFORMANCE OBJECTIVE VI - 7a: State the rule for the derivative of e u . 



I. , State the rule for d(e ) 

dx 



PERFORMANCE OBJECTIVE VI - 7b: State the rule for the derivative of a . 



1. State the rule for d(a u > 

dx 



PERFORMANCE OBJECTIVE VI - 7c: Construct the derivative of an expression 

containing e^. 



1. Construct: d(e"x ) 

dx » 

„ arc cos x 

2. Cohstruct: d(e ) % 

dx 



3» Construct the derivative for sin y » e + In x . 



PERFORMANCE OBJECTIVE VI - 7d: Construct the derivative of an expression 

containing a u . 



1. Construct d^ for y : 2 
dx ' 



tan x 



2. Construct g£ for y - 5 S6C 
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PERFORMANCE OBJECTIVE VI State the rule for /e u du. 



1. State the rule for , e" du 



PERFORMANCE OBJECTIVE VI - 8b: State the rule for J^a U du 



L. f? 



du 



a.a+c b. alna+c c » a + c \ 

In a / 



U + 1 

d« + c e .. None of these 

u + 1 



ERIC 



PERFORMANCE OBJECTIVE VI - 8c : Integrate an expression of the form 



fe? du> 



1. J e« 

i x In 



; 1 

/ u 

ion of the form J a du # 



E 



ERFORM&NCE OBJECTIVE VI - 8d: Integrate an express 



r 



1. Evaluate 



2 X dx , 



3t-l 

%. Evaluate: / 7 dt * 

f 0 



\ 



3 . Evalua 



te '^** sin %• 



cos 9 

2 de 
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PERFORMANCE OBJECTIVE JJI - 9a: Construct an equivalent equation in 



4 



-SL 



logarithmic form from a given equation, 



r 



1 .v. Write y 2 - x(x - 1) in logarithmic form,, base e. 



2. Write ji--^* D Ox -7)* 
(2x -3)(xa- 9) 



in logarithmic form, base e. 




PERFORMANCE OBJECTIVE VI - 9b: Construct the derivative of a given equation 

* - t 

f 

by first writing the equation in logarithmic 
form using base 



1. Given: y * ta n x §in *, determine tjhe -derivative ^ 

dx 



2. Given y 



x ^*x 2 - 1 dy 
a , x > 1; determine the derivative 



dx ' 



-Rir 
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UNIT VI : TRANSCENDENT^ FUNCTIONS 



ANSWERS TO ASSESSMENT MEASURES 



1. a) 



b) 



c) 



(1) cos u - 

(2) -sinu^ 

dx 

(3) sec* u g 

(4) -csc 2 u 2" 

dx 

(5) sec u can u Q~ 

(6) -cs.c u cot u j— 



(1) 2 cos (?x + 5) 

(2) -5 sin (5x - 2) 

(3) 16x sec 2 (Ax 2 - 5) 
\(U) -2 csc2(6x * 3) 

(5) ,14 sec(2x -3) tan(2x - 3) 

(6) -2/Tx esc (xs- 3) cot (* 2 - 3) 

(t) 4 sin 2x cos 2x or 2 sin 4 X 

(2) -8 (x + 1) cos*fy?+ 2x) sin (x 2 + 2x) 

.(3) -3 tan ~ 4 x sec s x 

(4) -/2x cot - 3 (3xs - 7)csc 3 (3xV 7) 

(5) 5x sec 5 ^x tan v/x 

(6) -45 csc 3 5x cot 5x 
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OUT VI: ANDERS TO ASSESSMENT MEASURES (continued) 



2. a) 



9 
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(1) 

(a) -7 sin 3x ain 7x + 3 cos 3x cos 7x 

(b) 2 tan 5x sec 2x tan 2x + 5 sec 9 5x sec 2x 

(2) 

(a) 8 ct>s 8 x sin x + 12 sin 3 * 
3 cos*x 



(b) 4 sec3 2x tai» 2x + 6x sec3 2x/cot xg 
. c*c*x* 



(1) -COS U + C 

(2) sin u + c 

(3) • ln| cos u J-f-c'^ In j sec u j + c 

(4) In | sin u | + c 

(5) In | sec u + tan u | + c 

(6) - In j esc u + cot u j + c 

(7) tan u + c 

(8) sec u + c , 

(10) - csc u + c 
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UNIT VI: ANSWERS TO ASSESSMENT MEASURES (continued) 

«. 

<■ 

2, (continued) 

b> - , ^ / • ■ 1 

(1) j sin 2x + g 



\ 

c). 



3. a) 



(2) <T 



(3) 7 sec (7x - 5) + c 



(1) ,| tan»2x + c 



(2) - cotsx + c , ^ 



(1) ' (du) 
dx 



/I - u 3 



(b) "A 
dx 



«/ 1 - u 2 



(3) da) 
dx 



1 + u 5 " 



dx 



(4) 



(5) • *) 




ax' 
,du x 



(6) 



b |/^ 



f 



OUT VI i ANSWERS TO ASSESSMENT MEASURES (continued) 
b) 

(i) - 2 

dx 



4. a) 



4) 



/l - 4x 



- (2) 41 



(3) 



dx 1 + x 8 



(1) arc sin u + c or -arc cos u + c 

(2) arc tan u + -c or -arc cot u + c 
X3) arc sec u + c or -arc esc u + c 



y arc sin 7x + c 



(2) arc tan f}~ x + c 
ST 

(3) , arc sec 2x + c 



(1) " ? 

u dx 



b) (1) 2x + 3 

x*+ 3x + 4 



(2) 2 aec 2 x or 2- 

tan x sin x cos x 

0 
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UNIT VT: ANSWERS TO ASSESSMENT MEASURES (continued) 

■ v 

' (3) _JL_ / ' 

2x + 7 



6. a) 



b) 



r , • 

7. a) 



b) 



c) 



d) 



(1) lnfu | + c 



1 " 3x + 7 | + c { 



(1) 3 ln 



(2) J 1 "* 



(3) -In | sin x | + a' 



(1) e q du 
dx 



(1) a" In a du 
dx 



(1) -3x a % _xa 

... o arc cos x 



/l - xa 

(3) > 2xe g *V 1 
x cos y 



(1) |£ J 2 tan X In 2 sec 2 jf 

, sec2x 

(2) di - 2(5 In 5 s'ec2x tan 2x) 
dx 

" "=?r — 4 
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OMIT VI: ANSWERS TO ASSESSMENT MEASURES (continued) 



I 

> 



8. a) 



6) 
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(1) e" + S 



(1) C 

(i) -5 e -* x + c 



* 



.(2) in | e x ■* e l+.c \ 
(3) In 3 

d) 

1.3 

_2 rL_ 

ln-2 

0 (2) 21 In7 7ln7 • * • 

O) . 2 - 2* ' % 
J« 2 < V 

9. a) 

tf* • 6) 2 in y - lax + ln(* - 1) 



3 In y - h ln(x3+ 1) + i ln*3x - 7) - lh(2x - 3) - ln(x3- 9) 
W 7 4 8 



b) * 



(1) y (sec x + cos x In (tan x)r) 
• (2) 7 (3x 5 (xa 3 - 1)) 



J3> " 

vi -id * * 



UNIT VII: METHODS OF INTEGRATION 



INTRODUCTION 

The development of integral calculus .thus far has been restricted to 
polynomials or special functions which are xlearly thfc derivatives of other 
functions. It should be rather obvious to the student that he/she my need 
to integrate .functions which are not so convenient and, roreover, that more 
than a "trial and error" approach is needed. The purpose of Unit VII is to 
develop the techniques needed to integrate various standard types of 
expressions. 

Eophasis in this unit is upon the acquisition of skills involving the 
various techniques of integration such as substitution, parts, and partial 
functions. The student's success, depends upod his/her ability to recognise 
the type of integral involved so that the appropriate technique can be 
applied. Practice id the key to this unit, and adequate time must be 
allotted. 

INSTRUCTIONAL OBJECTIVES ' * 

* * 

1. Integrate expressions, using the method of substitution. 

2. Integrate expressions, using the method of integration by parts. 

3. Apply the rules for evaluating improper integrals. 

PERFORMANCE OBJECTIVES 

By the end of this unit, the student should have mastered the objectives 
lifted below. 

1. a) Integrate given expressions, using substitution of trigonometric 

identities. 

b) Integrate given expressions of the form Ja*- u 2 , vV+u 2 , J u 2 - a 2 
a-Hu , and a z -u z , uaing trigonometric substitution. 

c) Integrate, using the method of partial fractions. * 

d) Integrate given expressions, using a change of variables.* (e.g., 

- f(x) - z n , z - tan (x/2), etc.) r . 

2. a) State the rvle for integration by parts. 

b) Derive the rule, for- integration by parts. Y " 

c) Apply the method of integration by parts to giy* expressions. . * 



1 3. a) State &e conditions for which an integral is classified as an 
l^ropet integral, 

• * * * • 

b) I dent Vfy given integrals which satisfy the conditions for an improper 
• # integral, * 

« r - c) Evaluate a given improper integral . 



4 



■ C 



* 



9 



\ 



1 
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'SAMPLE ASSESSMENT MEASURES; METHODS OF INTEGRATION 



PERFORMANCE OBJECTIVE VII - la: Integrate given expressions, using substitution 
" . of trigonometric identities. 



1. 



sec*2x dx 



cos 3 3x dx 




RFORMANCE OBJECTIVE VII - 2a: State the rule for Integration by parts. 



1. State the rule for integration by parts , 



t 



{PERFORMANCE OBJECTIVE VII - 2b: Derive the^rul 



e for integration by parts 



1. Derive the rule for integration by parts, 



9ft 



ERFORMANCE OBJECTIVE VII - 2c: Apply the method of .integration 

by parts to given expressions. 



.A. 



3x dx 



2. 



/2x 
e sin 



2x dx 



3. / x e dx 



in 



VI I -4 



^ERFO RMANCE OBJECTIVE VII - lc: Integrate using the method of partial fractions. 

* > 

1 / x dx 

A * J - 5x + 6 

, C Ox 2 + n dx r 

l 'J (x-1)' (x* + 1) 



/ 4x 2 - 5x.+ 2 
x j ~ 2x* + x 



dx 



PERFORMANCE OBJECTIVE VII - Id: Integrate given expressions, using a change of 



variables (e.g., f(x) * z m , ,z « tan x, etc.), 

*2 



1 



L dx 
2 



J>/T7 



Y J dy 



X 



-> 



dx 



2 + cos x 
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PERFORMANCE OBJECTIVE VII - 3a: State the conditions for which an integral i.s 
• classified as an improper integral. 



1. State the conditions fo.r which an integral is classified as an imprope 
integral. 



PERFORMANCE OBJECTIVE VII - 3b,: Identify given integrals which satisfy the 

conditions for an improper integral « 



- 1. Determine which of these are improper integrals: 

slO 

'0 



/*10 1 
/ x2 + 1 



b) r dx^ 



c) 



{* 2 <* .J 



Jo 



1 - x 2 da 



^ 113 
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[PERFORMANCE OBJECTIVE VII - 3c: Evaluate a given Improper integral 



-r 



dx 



JO 
-1 



e dx 



dx 
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UNIT VII: METHODS OP INTEGRATION 



ANSWERS TO ASSESSMENT MEASURES 



1. a) 



1.1 
(1) 6 tanr 2x + J tan 2* + c 



lx rj. 

(2) 2 "12 



sin 6x + c 



b) 



(1) — v 
12 



<2) \*\ t+ji-A 



+ c 



or - In 



(3) \ x-j9 - x 



2 + 2. sin" 1 * + 



c) 



(1), In 



N* - 3) 3 I 
WW' 



+ c 



(2) In (x - 1) 2 V« 2 + 1 + tan" X x + c 



(3) In J x 2 (x-l) 2 | ~ j^r + 



d) 



(1) "2Vx '+ 1 - 2 tan" 1 - 



rx + l + c 



(2) (2 + y 3 ) 7 - i (2 + y 3 )7 + 
15 9 



(3) 5W Sr ^ 



145 



VII-8 



QUIT VII: ANSWE^TO ASSESSMENT MEASURES (continued) 

2. a) , u dv ■ uv - v du + c 

b) Since d(uv) - u d(v) « v d(u), then J(u dv + v du) « uv + c 
»Judv + fv du » uv + c Jn dv * uv - Jv du + c 

c) (1) -|— in J3xl - X 3 + c 

f » " » 

(2) . (sin 2x - cos 230~* c 

4 

e 3x , 

(3) — — (9x 2 - 6x + 2) + c 

27 — * 

3. a)* 

(1) The function becomes infinite at a value of x in the • 
interval of integration £a, bj 4 

(2) One or both of the limits of integration are infinite, such as 

f (x) dx or T f (x) dx , 

- -oo 

b) 

(1) (b), (c) 

c) 

(1) 2^3* 

(2) 1 

(3) Limit does not exist (integrand meaningless) ■ 
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UNIT VIII: SEQUENCES AND SERIES 



imODUCTION 



, The study of sequences and series provides a challenge to the student 1 s . 
mathematical ingenuity. Although rules for testing convergence and determin- 
ing limits are developed, much of the student's success depends upon his/her 
cleverness in Manipulating the given expressions to fit the various rules. 

The practical application of series can be demonstrated by^tritf representation 
of familiar transcendental functions as power series or Taylor series. The 
evaluation of these series can then be computed to approximate the function 
for a particular value. 

INSTRUCTIONAL OBJECTIVES 

1. Determine the limit of a sequence and construct a proof that is correct 
by applying the definition of limit of a sequence . 

2. Identify series .that satisfy the necessary condition for convergence. 

3. Apply the comparison test for convergence of a series. 

4. Apply the ratio test for convergence of a series. 

5. .Apply the integral test for convergence of a series. 

6. Express transcendental functions as power series. 

7. Apply Taylor 1 s theorem with remainder to transcendental functions. 

8. Apply the definition of absolute convergence to series. 

r , - 

< P 

PERFORMANCE OBJECTIVES ' " * "» * 

By the end of this unit, the student should have mastered the objectives 
listed below. 

„ 1. a) State the definition of the limit of a sequence. f 

b) Determine the limit of a given sequence. 

c) .Determine the limit of a given sequence and construct the proof 

that it is correct by applying the definition. 

2. a) State the rule for the necessary condition for convergence of an, 
infinite series. 
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WIT VIII./ PERFORMANCE OBJECTIVES (continued) 

b) Apply the rule to a given series to determine whether it satisfies 
the necessary condition for convergence. ~ 

3. s) State the rule for the comparison test for the convergence of a 

series. 

b) Determine whether a given series converges, by the comparison test. 

4. - a) State the rule for the ratio test for the convergence of a series. 

b) Detemdne^ifhether a given series converges, by the ratio best. 

5. a) State the integral test for thfc convergence of a series. 

» 

b) Determine whether a given series converges, by the integral test. 

6. a) Construct a power series expansfon for a given transcendental 

function. 

b) Determine the approximate value of a given transcendental function 
for a particular value of the variable. 

c) Determine,, the interval of convergence for a given power series. 

7. a) State Taylor's theorem. 



ERIC 
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b) * Construct a Maclaurin series expansion 'for a given transcendental \ [ 



function. 



1*- 



c) Construct a^Ig^lor series expansion for a given transo^ndental 
. function. * 

d) Apply the Taylor series expansion to approximate the value for a given 
transcendental function for a particular value of the variable. 

e) Apply the Lagrange remainder to determine the accuracy of the value 
of a transcendental function obtained by the use of the Tayldr 
series expansion, 

8. a) State the definition of absolute convergence. 

b) Apply the definition of absolute convergence to a given alternating 
series. 
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SAMPLE ASSESSMENT MEASURES: SEQUENCES AND SERIES 



{PERFORMANCE OBJECTIVE VIII -la; State the defin ition 6f the Halt of a sequence,) 

1 ' i 1 1 ii i I 

1. State the definition of the limit of a sequence. 



(PERFORMANCE OBJECTIVE VIII - lb: Determine the l imit of a given sequence,] 



Evaluate* lim / 3 C-l) n * 



2. Evaluate: lim * 3 n 3 



a 

3. Evaluate: lim 5nS " 3n + I 
a t^> 6n»+ 7n - 



4. Evaluate: lim* In 2n 
n-»oo n 



5. Evaluate: lim e n 



• \ 
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PERFORMANCE OBJECTIVE VJII - lc: Determine Che limit of a given sequence and 

\ ' 

Construct the proof that it is correct by 

• - * r ' 

, applying the definition. 



1. 



4fe 



2n + 3 



>n " 3n + 1 , determine Lj and using e = — f calculate the 



100 

'smallest yalue of n which will prove that lim s = L • 
i _ n-«oo 



- m « Given: S - n - , n > 2, determine L; and find n as a function of e 

which will prove that lirit o _ T app/ „.jj^ . , , £ . 

r b n ~ L according to the definition. 




3* Given: S = 
n 



n 2. i* n > 1, determine and find n as a function, of e 

i 

which will prove that lim S n = L according to the definition » 



n-»oo 



n 



ho 
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PERFORMANCE 03JECTIVE VIII'- 2a: State the rule for trite necessary conditio far 
. , convergence of an infinite series. 



1. 'State the necessary condition for convergence of an infinite series/ 



\ 



I PERFORMANCE OBJECTIVE VIH - 2b: Apply the rule to a given, series to determine 
« whether it satisfies the necessary condition 

r * for convergence $ m 



V 

owtoig series satis 



I, Determine which of the following series satisfy the necessary condition 
7 f or%onvergence , 

a) pn - 2 b) ^JL- n -.1 " c) ^ 1 + (-1) " 

3na^ 2 



C - 2 b) 



n 



n|= 1 j n = 1 ■ n=1 



' n*l i> » 1 n = 1 



-3 
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PERFORMANCE OBJECTIVE VIII - 3a: State the rule for the comparison, test for 
, the convergence of a series. 



I. State the rule for the comparison test for convergence of a series 



i 

? 



PERFORMANCE OBJECTIVE VIII 3b: Determine whether a given series 

converges by the convergence test. 



1 1 i 



1. Determine whether 



comparison test. 



^-i 1 



n m 1 



3n* - 1 



Converges or diverges using the 



2. Determine whether rfitF' converges or divetges using the 



nT- 3 

comparison test. J$ 



/ 
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PERFORMANCE OBJECTIVE VIII - 4a: 



\ 

State the rule for the ratio test for the 
convergence of a series. 



1 



State the rule* for the c 




convergence of a series, 



7 



£ERFORMAncE c OBJECTIVE ^III - 4bi Determine whether a given series 

converges by the ratio test . 



that the series ^ converges by th 



e ratio* test, 



3 

Determine whether ^ ^3—^* * coiwerge* or diverges according to the'ratio 
test*. 'Show the value of p (rho)« 



Determine whether the following series converges 'or diverges according* 
to the ratio test. Indicate the value of P (rho) # 



*»1 



Determine rfto usfng the ratio test on 5"""* m st 4 

, , . » n , ' I m 1 * 

J>oes the series converge or diverge? 
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PERFORMANCE OBJECTIVE VIII - 5a: State the integral test for the convergence 

of^a series* 



• • - 

1. »State the integral test for the convergence of a juries, 



4 



r 



PERFORMANCE OBJECTIVE VIII - 5b: Toet ermine whether- a J^iven series 

, converges by the integral test. 



1. Determine whether E 2n/(n 2 +l) converges or diverges us*ing the integral test. 

. n*l * A 



2. fletermi^fchether I 1 converges or diverges using^ the integral test. 

n*2 nUnrf 

Indicate the function of n after integrating. 



ERLC 
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PERFORMANCE OBJECTIVE VIII - 6a: Construct a power series Expansion for a 
V > given transcendental function. 



1* Construct a power series in x for cos x including the nth term. 



2. 



Construct a power series in x for e" x including the nth term* 
i 



3. Construct a power series in x - a , where a» 2, for In x including the nth 
term. 



PERFORMANCE OBJECTIVE VIII - 6b; Detetyine the approximate value of a given 

• transcendental function for a particular 
t * . vaTue of the variable 



1. Construct a power series in x for sin x and determine the approximate' value 

of the power series for x * \ using the firsr three terms. 

2. Construct a power series in jc for ln(l + x) and determine the approximate 
value" for x ■ 1 using the first four terms. 



/ 
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JpERFORMANCE OBJECTIVE VIII - 6c: Determine the interval of convergence for a given 



power series** 



1. Determine the interval of convergence for the power series listed below: 

7 3 n 
l + x + x2+x_+...x_+... 

21 3/. nr 



2. Determine the interval of convergence for the power series listed below: 

m 

X - x£ + - + ... + (-1) " ... 
2 3 4 n 
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PERFORMANCE OBJECTIVE VIII - 7a: State Taylor's ' theorem. 



1. State Taylor 1 8 Theorem 



PERFORMANCE OBJECTIVE VIII - 7b:, Construct a Maciaurin series expansion for a 
* given transcendental function/* 



1. Construct a Maciaurin series expansion for Arc tan x. Indicate the first 
four terms and the nth term. 



sin x 



2. .Construct a Maciaurin serie& expansion for — £ — . Indicate the fiW^ 



, four terms and the nth term. 



3. Construct a Maciaurin series expansion for cos* x . Indie 
terms and the nth term. ' 



ate the first four 
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PERFORMANCE OBJECTIVE VIII - 7c: Construct a Taylor series, expansion for a 

j given transcendental function* 



1. Construct a Taylor series expansion for e 2 - ^Indicate the first 

► ^ 
three terms and the nth term, < 

2^ Construct a' Taylor series expansion for cos(x + -r) with a = 

1 y 

Indicate the first* three terms and the nth term, 
3. Construct a Taylor ^eries expansion for cos 2 x. Indicate the first 
five terms and the nth term. ^ 



PERFORMANCE OBJECTIVE VIII.- 7d: Apply tt£ Taylor ^"ies expansion to 

approximate the value for a given 

transcendental function, for a particular 

» 

value of the variable • 



1 . Approx 



imat^ the value for using only the first four terms in the Taylor 



x 

series expansion for e . Let a * 0. 



1 



2. Approximate tie value for sin 31° using only the firs t th ree teras JJL^he. 
Taylor series expansion for sin x. Let a = 0. 



ERIC 



3. Approximate the value for In 1.2 using only the first two terms in the 

, _ . , 4 -r « , . , = i = 1 + * 

Taylor series expansion foV In | . - - 



In | I + x I . Hint: 1.2 - 7 , 

5 1 - x 



PERFORMANCE OBJECTIVE VIII - 7e: 



J 



Apf4^the Lagrange remainder to determine the 
accuracy of the value of a transcendental 
function obtained by the use of the Taylor 
series expansion. 



•1 



1. Determine the error according to tfye Lagrange remainder for e* evaluated 



2 3 4 5 

X X X X 

the terms 1+X + JT+ 3T+4T + 57 



2. Determine thfes s error, according to the Lagrange remainder, for cps J 

evaluated by the fh^st three terms in the Taylor series, 1 - f_ + x 

• 21 4[ 
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PERFORMANCE OBJECTIVE VIII - 8a: State the definition of absolute convergence. J 



1. State the ^finition of absolute convergence. 



00 

> Uw « u, + u- + is absol 



2. A .series ^~ u K ■ u + u 0 + ... is absolutely convergent if ... 



r 



l \ 

PERFORMANCE OBJECTIVE VIII - 8b: Apply the definition of absolute convergence 

to a given alternating series. 



1. Determine the convergence of 1 - + + 



* 

1 1 I 1 1 



2. Determine the convergence of " + " + 



1-3 - 2*33 3'3 a r 

V 3 4 5 6 r , 1% „ I§± 

3. Determine the convergence -of 2-j+3-5" + 5- 5 + ...+ (-1) n 
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UNIT VIII: SEQUENCES AND SERIES 



ANSWERS TO ASSESSMENT MEASURES 



1. a) 



(1) If for every positive number e there exists a real number n 



such that 



b) 



c) 



S n " L ( < for n > n Q 



then the" sequence is said to converge to the limit L. 

(1) 3 

(2) 0 

6) 6 

(4) 0 

(5) limit does not exist* 



(1) L ■ j , n ■ 78 

(2) L - 1, n ■ 2 i 2 e + 1 (not a unique solution) 

e 

1 •+ \1 1 + 4 



(3) L - 0, n = 



2e 



+ 1 (not a unique solution) 



2. a) 



b) 



(1) A nfecessary 



e a, + a 0 + »•■ + a + »••. 
1 ^ n 



.is that 11m a « 0 $ 

Ti—CD 



(1) b, c, d, I 



~6f in infinite serTe 
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UNIT VIII: ANSWERS TO ASSESSMENT MEASURES (continued) 



i. a) 



b) 



(1) If each term of a positive series 2Z. u is less than the 

corresponding term of a known convergent series, then 

converges. But if each term of ls greater than the 

corresponding term of a known divergent positive series, then 
21 U R diverges. 



1 

(1) .Converges by comparison with n^ 

(2) Diverges by comparison with ^ 



>^ a ) In -a positive series + ''"•• +u m » where ^ = lim u n + 1 

n-eoo u 

(a) » The serie/ converges if p < 1 , 

* 

(b) The series diverges if p > 1 . 
• (c) The series may converge or diverge if p t « 1 



b)' 



(1) lim 

n-* oo 




lim 

2 n 

_n=*3L — ^ — _ _ 

4 

• converges 



A n + 1 
u n 



2 n + 1 

I -1<1 



(2) p - 3 > 1 ;. diverges 



J 
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UNIT VIII: ANSWERS TO ASSESSMENT MEASURES (continued) 



5. a) 



6. a) 



(3) rho « Oj therefore series converges 

0 

(4) rho m 1; therefore series may either converge or diverge * * 



r 



fc (1) If f (x) is a continuous, positive, decreasing function for which 

f(n) is the Nth tferm U of the series, then jfl u conyerges if and 

n*l 

only if the integral f(x) dx converges. 

b) I 

* * p 

■ . t 

(1) Diverges . . 

(2) fi^n » converges * 



2.' 4! 6! (2n - 2)} 

(2) 1 - x + xf -«^_ + ... + ("lj*" 1 x° 1 + ... 

2?' 3! ( n -l)« - 



(3) In 2 + %(x - 2) - ^ - 2) 2 .+ £-=J2 



3 - 

• • • 



f 



2n ~ 



b > ' -i . • . ; - 

(1) (a) x - x3 + x^ V (b) .4794 

— _ r __^_*JJ 5| 

(2) (a) x - xs +. - X 4 (b) .583 or — 

- 2,34 12 

c) 

(1) Convergent fot all values of x % 

(2) Convergent on the interval -1 <x < 1 



* At 

vfi 
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UNIT VIII: ANSWERS TO ASSESSMENT MEASURES (continued) 



7. a). 



by 



(1); A power series in the form: 

f(x).« f(a) + f'(a).(x-a) + f" (a)(x - a)s+ ... 

2 ! 

+ f (n) (aH x- a) n + ... : 
n ! 



(1) x - x3 • + x5 - x 7 + " -V^L)! 1 " 1 x 2 "' 1 + * 

«•■ 3 ^ " 7 ,^ * * * ' in -I . . 

(2) 1 - xf t *L + + ("I)"" 1 x 2(rrl) + . 

3» 5} . 7» . . s , (2n-l)! 



(3)f 1 - 2x 3 + 2 3 x* - . 26x6 + ••• + (-1)" a, 2 "" 1 + .. r 
,2 ' 4 ! 6 .' (2n) \ 



c) 



n-1 



(2) cos(x + $)- -(x - J) + (x,-'2)= - (x '-■£->«' ... 

"tt- — rr— : . 



+ ... 



+ ••• (-D n (x - f) 2 "" 1 + 



(3) coA- sin 2a (x-a) - 2cos 2a . (x-a) 3+ 2 2 sin 2a (x^) 3 



4m-4 % 4m_3 4m " 3 

+ 23 cos la (x-a)* + +' 2 - sin 2a(x-a) 
„ -TP" • ••* " (4m - 3) ) 



4 



2 cos 2a (x-a) 
(4m * 2) 1 ' 



/ 



4m-^ \4m-l . 

+ 2 ' sin 2afx-a) ' + 
* * (4m - l),f 



4m 



coS 2a (x - a) + # # ; ^ 
. (4 m)| 



Block to (m * 1, 2, 3, ' ••.;) 

* e 



' ONIT VIII: .ANSWERS TO ASSESSMENT MEASURES (continued) 



(1) 1.646' 

i (2) .5150 

s • 

(3) .1823* 



4* 

. i • 

. (1) <;4.2 x 10 -9 



* * * nil i 

Teacher Note: R (x, 0) - f ' j(c) x 

R (.1, D) » e c (.L)e 
3 6' 



0 <c 



.1 









(.1>« 




* 




. < .3 


6/ * > 

(UTS) 

720 








•' < 4; 


2 X 10" 9 * 




(2) 1.4 xl0"9" 










Teacher Note: 

♦ • 


R' 
2n + 


0) 


2n+2 


r 


• 






(2n + 2)? 


* 

• * 


•,.1 




7 |6» 


6 » 








< 1.4 x 


10"9 













(1). A series with mixed signs is said fco converge absolutely if the 
series cons true %d^Jt>y taking the absolute value* of the terns 



converges , 

00 



(2) ... if 2L. b| * f«ll + |"2l + converges, 
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OBIT VIII: ANSWERS TO. ASSESSMENT MEASURES (continued) 



b-) 



(1) Converges conditionally , 
Teacher Note: p - series with p < 1' 



Theorem II - Thomas 



(2) Absolutely convergent* 

(3) * Diverges 



(comparison test) 



lim I n+l l ^ 0 

. iuoo » n I 



• 



N 
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UNIT IX: DlWntEWTIAL EQUATIONS S ^ 



INTRODUCTION 

An elementary treatment ^q£ ordinary differential equations is presented in 
Unit IX. First-order equations are developed by types: separable, homo** 
geneous, linear, and exact. ^Applications involving rate of growth and 
decay should be examined. w, 

The study of second-prder equations is limited to linear equations with 
constant coefficients.* Solution techniques ^eveloped for homogeneous 
equations are ♦ then extended to special types of qonhomogenepus equations. 

r 

As in Unit VII, practice is necessary for the student to recognize the type 
equation in order- to apply the appropriate technique. 

I instructs ona! objectives * 

* 1. Identify the order and degree of ordinary differential equations. 

2. Determine the solution of separate first-order differential equations. 

3. Determine the solution of homogeneous. first-order differential 
equations. 

4. Determine the solution of linear first-order differential equations. 

5.. Determine the solution of exact fifcst-order differential "equations. 

6. Determine the solution of homogeneous linear second-qrder differential 
equatio^ with constant coefficients. ' 

r - 

r m 

m 7. Determine the solution of nonhoqaogeaeous linear second-order differ- 
ential equations with constant coefficients. , - 



8. Determine the solution of different^ equations, giveti initial 
coajiitipns. 

PERFORMANCE OBJECTIVES '~ , 

* • * - f * * ' \ . 

By the 4nd of this unit, 'the student should have Mastered the oblectivis 
list^ below. * ✓ 

1. a) Identify the ©r"der of given differential equations. ' : 
b) Identify the.degree of .given differential equations. 

* * ( 

.2. a) Identify the separable equations from given first-order differential' 
equations. *'•/••/ 
. "t 

b) Determine the solution of a given sparable first-order^ differential; 
m aquation. - \ 

•; f * ' * ix-i jf \ 



9 

ERJC 



UNIT IX. PERFORMANCE OBJECTIVES (continued) 

3. a) identify the homogeneous equations from giv*^ first-order differential 

equations. 

* * \ ^ 

b) Construct a given first-order homogeneous differential equation in 
the form dy/dx - F(v) where v - y/x. - / 



c) * Determine the solution of a given first-order homogeneous differential 
- equation. - 9 . ? 

fc 4. a) Identify the linear equations from given first-order differential 
equations, 

b) Construct the standard" form pf a g&en first-order linear differential 
. , equation, ' % ;. , * 

c) Determine the. integrating factor for V given first-order linear * 
differential equation. t ' « £ 

d) Determine the solution of a given first-order linear differential 
equation. t * 

5. a> Identify the exac^/eauations from given firs tr-ofder differential 
equations. V-i - . 

b) beternrtne the solution of £ given first-order exact differential 
equation. 

6. a) Identify the homogeneous equations -from given linear second-order 
differential equations . * 

I ' ' " 
, b) Construct an equation using differential operator" notation ^from a 
given homogeneous linear second-order differential equation frith 
' conVfant coefficients. -* 

1 c) Determine the characteristic equation of a given homogeneous linear 
second-order differential equation with constant coefficients. 

d) Determine the solution of a .given homogeneous linear second-order 
differential equ^ion whose characteristic equation has two real 
unequal roots. 

« , 

e) Determine the solution of a given homogeneous linear second -order 
* differential equation whose characteristic" equation has *tvo real 

-~ x equal roots* * ' * * „' <• 

f) ~ Determine the solution of a giv^en homogeneous lineat second-order 
/ .differential equation whos^ characteristic equation has imaginary 

rootq* 

7. a) Identify the nonhomog£neous equations from given linear second-order 
differential equations. 

- ■' « ■/•''• 

' * \ I SB 

O ' -,IX-2 

■ ERJC • . - 



UNIT IX. PERFORMANCE OBJECTIVES (continued) 



' 40 * 

b) Determine th% solution of a given nonhomogenous linear second-order 
differential equation d Z y/dx 2 + a dy/dx + a 2 y ■ F(x^ where F(x) 
is a polynomial, ' % 

c) Determine the solution of a given nonhomogeneous linear second-order 
differential equation d 2 y/dx2 + dy/dx + a 2 y * F(x) where 'F(x) 
is of'the form ' 

d) Determine the solution of a given rynhomogeneous linear second-order 
J differential equation d 2 y/dx 2 + aj dy/dx + a 2 y ■ F(x) where F(x) 

is of the form sin ax .or cos ax. 

■ f 

e) Determine the solution of a given nonhomogeneous linear second-order 
differential equation' d*y/dx Z + aj, dy/dx + * 2 y ■ F(x) where F(x) 

I is a linear combination of polynomials and transcendental fynctiotfs. 

f 

8. la) Construct the solution to problems requiring tte use of first-order 
differential ^equations (e.g., growth and decay, modified Ohm's 
law, -etfc.). 

b) Construct, the solution to problems requiring the use of second-order 
differential equations (e.g., hanging cable, motion on a straight 
line, oscillary motion, etc.). j> 



/ 
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SAMPLE ASSESSMENT MEASURES: DIFFERENTIAL EQUATIONS 



[PERFORMANCE OBJECTIVE IX - la: Identify the order of given differential equa tipnsj j 
1. State\the order of the differential equation' y" + 3y y 1 + 2y = 0 • , ' 



% ' 4 (3) . 2 (1) 

2. State the order of the differential equation y y +3y y + y = 0. 



^ERFORMANCE OBJECTIVE IX - lb: Identify the degree of given differential equations 



EX - lb: 'Mtoti 



v ' 2 x " . 

1. State the degree of the 'dif ferejitial equation x#" + x(y*> «.e , 

• t * 

- » 

2 t 'State the degree of the differential equation ^djrj + ^d_^\ + x - 3x = Q. 



PERFORMANCE OBJECTIVE IX - 2a: Identify the separable equations from given 

* 

first-order differential equations . 



1. Determine which of these first-order differential equations are separable 



(a) ±L - l + 

dx 



2 

1 + x* 



(b) . xy (1 + x 2 ) dy + (1 + y ') dx = 0 



2-2 

(c) 2xydy = (x - y /dx 



W) dx = 3 - .03x 
. dt 



(e) (x - 2y) d.y + (y & ^Jx)dx = 0 



3 , 2 
(f) x y - y (x - 4) 



(g) y' = xy + x 



PERFORMANCE OBJECTIVE IX - 2b :» Determine the solution of a given separable 

firtft-order differential equation. 



1. Solve the differential equation y 1 » e 2X + V \ 



2. S^lve the differential equation y 1 * *y 2 + x, 

3. Solve tke 



differential equation (2x + 5) dy + (3y + 2) dx - 0 



f 



PERFORMANCE OBJECTIVE IX -'3a: Identify the homogeneous equations from given 

first-order differential equations . 



v 



1. Determine which of these first-order differential equations are 

■» 

homogeneous . 

2 2 

a) 2xy dy = (x - y*) dx * 

b) x y' - 3xy + y* » 0 . 

4 

•* 

c) y, 1 + 5y ■ 2 cos x 

d) (3x + 2y) dx + (y + x)' dy = 0 




i) (2/ 



+ e x )dx + e x ' (1 - xe" X ) dy = 0 



f) (x 3 + y 3 ) 4x - 3xy 2 dy 



g) dy + y dx 



+ yx £ - y 



dx » 0 



PERFORMANCE OBJECTIVE' DC -'3b: Construct a given first-order homogeneous 



differential equation in the form d^ * P (v) where 

dx . -A 

v = £ . 

x : _ 



. • • • ■ . .-j 

1. Construct (2x - 3y)dx + (x+y)dy = 0 in the form dy * F(v), where v * £ . 

dx x 

• i 




2 t Construct -xdy f ydx +JJc s - y 2 dx 



0 in the form d^ = # P<v), where v = 

dx x 



ERLC 
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PERFORMANCE OBJECTIVE IX - 3c: Determine <the solution of a gi*en first-order 
* homogeneous differential equation . 



1. Solve the differential equation (2x - y) dx + (x + y)dy = 0, 



2. Solve the differential equation xdy - ydx = Jx 2 + y 2 dx . 



-'I 



o 

IX- 7 
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ERFORMANCE OBJECTIVE IX - 4a: Identify the linear equations from given firat- 

order differential equations^. 



1. Determine which of these differential equations are linear; 



(a) lny d£ = i 
dx x 



(b) 1 dx m 3 

x dy 

« <■ 

3 x 

(c) x dy f y = e 

dx 



(d) y di + « y 
dx 



< e > *± + * - x 
dx 



(f) d£ + sin y ■ '1 
x 



(g) O. + d^ + 1 
dP" dx 




[ 



ERFORMANCE OBJECTIVE IX - 4b: .Construct the standard form of a given 

<C first-otder linear differential equation 





1. Construct, in standard fotfm, the differential eqjiation . 
x 2 di + 5 xy « cos x 

f ** 

2. . Construct, in standard fornj, the differential equation 

1 ' / - 

y In y dx + (x - Vn y) dy « 0* 
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PERFORMANCE OBJECTIVE IX - 4c: Determine the integrating factor for a given 

first-order linear differential equation # 



1. Determine the integrating factor for y 1 - y = x 5 . 



~> 2. Determine the integrating factor for xdy - 2ydx = (x -2)e*dx 



r 3 

3. -Determine (the integrating factor for (2yx + x) dy + ydx = 0 , 



PERFORMANCE OBJECTIVE^ - 4d: Determine the solution of a given 

4 - first-order linear differential equation. 



Solve the differential equation + 2xy dx + x dx = 0 



X 



2. Solve the frrfferential equation x dy : 2y dx = x sin x dx 



I?- 



rx*9 
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PERFORMANCE OBJECTIVE DC - 5a: Identify the exact equations from given first* 

order differential equations, 



1. Which of these differential equations possess exact differentials? 

a) (1 + e 3x ) + 3ye 3x dx - 0 

b) x sin 3y dy + y sin 3x dx - 0 

2 

c) 2xy dx + (1 + x<> dy » 0 . j 
. d) sis x cos 2 y dx + cos^< sin y dy * 0 

e) y(x-2y)dx - x 2 dy - 0 

f ) (x 2 - y 2 )dx - 2xy dy « 0 

g) .e** dx + xe X dy - 0 

h) tan* 1 (xy) dy *JL ln 0- + x * y 2 > dx * 0 : 

2xy 

( • i> .( i f^)-^-f) y '- 0 • • 



PERFORMANCE bBJECTIVE IX - 5b: Determine the solution of a given first-order 

•exact differential equation. ' 



2 2 

1. . Solve the 'differential equation (x - y ) dx - 2xy dy- « 0 



2. Solve the differential equation (1 + e 3x )dy'+ 3ye3* dx - 0 



3* Solve the differential equation w 

(cos y + y costc) dx + (din x - x sin y) dy ■ 0 , 



MX.-10 " 



PERFORMANCE OBJECTIVE IX - 6a: Identify the homogeneous equations from given 

/ ' * 

, linear second-order differential equations. 



a)' y" + y» - 2y - 5e" 



b) y" + y - e J 



c ) y" * y + (x + 1) 



d) y" ■ 6x + 3X - 2 



e ) y" - y - y' 



r 



PERFORMANCE OBJECTIVE DC - 6b: Construct an equation u?ing differential operator 



notation from a given homogeneous tincfar second- 
order differential equation with constant 



3 1-inea 



coefficients , 



1. Construct an equation using differential operator notation from the 

r 



2 

differential equation d y _ 4 <jy + 4y ■ Q 

dx 2 dx 



2. Construct an equation using differential operator notation from the 
2 

equation 15 d y .. . 

T - ,14 dy + y . 

d * 2 d7 



) 
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PERFORMANCE OBJECTIVE IX -s 6c: Determine the characteristic equation of a given 
✓ * * hpp»gen£ou? J.i*eae* aecbhd-order dif ferentikl 

- equation vith^const ant poht fit ients. 



1 



1. Write*the v characteristic equation for the differential equation y 11 = *2y*- y 
2* Write the characteristic equation- for the differential equation -±y" - y« 



ft 



*EKFORtf&j£Q?> OBJECTIVE IX - 64: -^t ermine the solution of a given homogeneous 

. linear second-order differential equation whose 
characteristic equation has two real- unequal roots* 



1, Salve the differential equation y fl - 3y f -K2y * 0. 



Lve the d 

-A " 



\ 



2, Solve tfte differential equation 2y n » ;5y t - 3y\ 



— - ■ _ ; - 1 • 

RMAJSCE OBJECTIVE JX. - B $e: Determine the solution of a given homogeneous 

f ' * * linear second-otder differential equation whose 

* characteristic equation has. two real equal roots 



1* * Solve the differential equation y M - 10y f + 25y ■ 0 



t 



2.- Stolve the 4ifferential equation -y" ■ A y 1 + - y 

>' .v • * * 3 ' 9 




PERFORMANCE OBJECtjVE IX - 6f: Determine the solution of a, given .honiogeneous 

5 • '- •' linear' second-order differential equation whose 
r - characteristic equation has. imaginary roots/ 



\. s Solve the' differential equation y M + 16 *y » 0 . % 



A 



2 f f Solve tbe differential equation *y" * £y.' - 13y 



r i 
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PERFORMANCE OBJECTIVE JX - 7a: Identify the nonhomogeneous equatfoas from 

t , - * I 

given linear second-order differential equations. 



1. Identify the non-homogeneous equations from the 'following linear ; 
second^order differencial equations: 



1 V 



a) V + y - 2y = 5e~* 

b) *y" « y - y' . 

- # m 

2 

c) y M * y.+ (x + 1) 

f 

d) y M - x 3 - 3x + 2 

1 x 

e ) y» - y» « y + sin(e ) 

f ) 6y *f*^ - 2y' w 



* s3 



JEttFORMkNCE OBJECTIVE iX - 7l^r Determine ^tke solution of a given non-h©mogeneous 



linear second-order differential equation 
2 

djL + ajd^ + a 2 y> F(x> where"F(x) is a polynomial 



dx* 



dx 



'1. * Solve. y? + ^y' 
0 



8y * x + 1 



r 



, 2. Solve V" + y\ - 2y » x 2 - x - 2' 



J % * 



OBJECTIVE IX - 7c; ■ Determine' the solution of, a given non-homogeneoua 

u linear sacond -order dif ferential^quation 

, P Y + aj^dx -*r a 2 y * F0<) is of the form e . . 

' '• \ — S- : "* <■ 



X 



1. Solve y n = 2y' v + 5y = e , 



2x 



2. Solve 2y" 



y =s , e 



' - - 2, 

3. Solve y" - 4y' + 4y = e 



) 



\ 

3 



> 



ERFORMANCE OBJECTIVE IX --7d: Determine the solution of a given non-homogeneous- 

• ^ , •» linear second-order differencial equation^ 

2 , . I* ' 

. -1-Y. + a & + a-y.'= F&) frfiere P(x)*is of the 



form sin ax or cos ax 

A 



/ 1 



* l. Solve V" + y 1 • Ay = " sin x * 



2. ; So lye -y M 2y' + 5y = ,t'os x , * 



3.. . Solve y*> + y ■ cot\. 



» 
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r. 



— i m i 1 ; ■ \ 1 ■ yr^ 

>E$FORMANCE OBJECTIVE IX - 7e : Determine Che solution x>f a given nob-homogeneous 



r linear secohd-order differential equation. 
dx 1 



z 

d y + Hydy + a 2 y * F(x) whe«-T(x) is ^ 



* ■ . v 



linear combination of polynomials and 
transcendental functions. 



•a 

1, Solve y" - y 1 - 2y * x + e V 



\ 



2^ Solve y" ^ 2y* f + 5y = e X + sin 2x . 



^ - 

3 * * * 

3. Solve — yV + y * sin x + pos x * sin 2x . 

4 » < 



9 
♦ 



PERFORMANCE OBJECTIVE IX- 8a: Construct the solution to problems requiring 

' the use of first order dif|er t e^Cialj^^tion8 4 



growth and decay, modified Ohm's. law, etc.), 
: * ^ 



The population of" a state increases continuously at d rate proportional/ 

" tf at any timei to thd ffcpulation at thajt time. The population doubles in 

- * 

40 years. After 60 years the ratio' of the population P to the initial 

populaAon P is what number? * 

» . . * . o 




,2. In some chemical reactions, the. rate of«conversi<pn of 'a substance at 
any instant t is fpund to be proportional to-tlfe quantity of th|e 
• substance" still untransformed at that instant- If V is quantity- 
of the substance that has been converted at time t anS fr is the 'original 
quantdty of the substance, find V as a function, 

• _ * 



i 



t. 



r 



A 



* 
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PERFORMANCE OBJECTIVE IJt - 8b: Construct the solution to problems requiring 

' the use of second order differential equations* 
4 (e.g.^ Ranging cable, motion on a straight 
line, oscillary motion, etc.) 



1. • A particle starts from rest^t (3, 0) and moves along" the x-axis, iffcs 

acceleration .being always toward the .origin and ecfual £o four times 
' k • * 1 k 

the diAance from the origin- Determine its position and velocity 

at- any time t. ■ 



2. A mass weighing 16 pounds is a attached to a spring, for which the spring 

» constant K = 18 pounds/fo6t, and is brought to rest- Determine the 

displacement of the mass' at time t if aC force equal to, sin 2t is 
• ■ 

, applied to it- Hint: Resultant ♦force = applied force - spring force 



V 
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UNIT IX: DIFFERENTIAL EQUATIONS 



ANSWERS. TO ASS.eIRmeNT jffi^URES 



i: -•) 



b) 



' (1) 2 > % . 

(2) 3 ; 

• • » 

' ■ * 

(1) 1 (y is the dependent -variable^ 

» 

(2) 2 ' - f - ' 



2. a) 



b) 



1 / 2x 
(1) i 7 " " "2* * c 



3. a> 



(2 ) Arc tan y = x +« c 

(3) | (3y + 2) (2x + 5) f - c 



bX 



(1) a; 5, d, f 



m • & " 3v - 2 



(2) ■}&-> + \U " V 
ax 



O 



_i 



U) ' ln(2x 2 + y 2 )* + JL_ « C 



ir 
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OK** IX: 'ANSWERS Tp ASSESSMENT MEASURES (continued) 

' x 2 .* * 



'4.. a) 



b) 



(1) b, c. 



(1) 



COS X 



dx x x 



5 



r 



O 



(2) . * <-!-) x -T 
dy- . # ylny . y 



(1) te~ X 



* i ■ • i 



(3) y 



ay : 

(1) y * ce " - -r 2 



-x 2 * 1 * 



<2) y ■ 2 sin x 2 cos x 

* + 7 COS X + C 

X X -2 

• v X 

.*5.' a); \ 
(1) ar'.c^f, h, i 



b) 



x 3 

(1) — xy = c 

(2) . ye 3x + y . t 



(3) x cos- y + y sin x« c 



/ 
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UNIT XX: ' ANSWERS TO ASSESSMENT MEASURES (continued) 
* 6. a) 

. • ' (a) y" + >'. - 2y - 0 

. 0>) y ,r + y -*0 1 • 

(c> y" - y - 0 

I "(d) y" - 0 

' < , (e) y" - y' - y - 0" 

(1) (l^oAD + 4)y = 0 
'* (2) (15D 2 - 14D - l)y = 0 



c) . 



•-'/(I) r 2 - 2f + 1 - 0 



d) 



- •) 



(2) r 2 + 4'- 0 



x 2x 
(1) y » c e + c^e 



(2) y - c et x f c g e- 3x 

V - ' . .. - 

(1) y - Xr x x + c s )eP x 

(2) y- < V Sc + e 8 )e "* X 



f) 



(1) y « jp x co« 4sc + c g sin 4x' 

(2) y - e* x (c^ cos 2x + c s sla 2x) 

.. ■ ' 137. 
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UNIT IX: ANSWERS TO ASSESSMENT^ MEASURES (continued)*' 

7, «) 

(1) a, c, d, e ' 



c) 



d) 



(•) 



# ' * 1 5 
<1) y- ^ eMfc s V - p - IT . 

i - 

(2) y - c, eMcV - Itf+J ' 



(1) y » e X (c cos 2k + c sin 2x) •»- 7 eax 



(2 J y - c e~£ + c e - x - 



xe 



.X 



Teacher note: y » Ake m if „using method of undetermined 
coef f icient8 f 

■> * 
(3) y - (c x + c 2 x + | x?) esx ^ 

(1) y « c : e~ 3x + c 2 e 2x + isln x 4 cos x ^ . 

x 1 

(2) y * e (c coa x + c sin x) + r (cos x - 2 sin x) 

(3) y « Cj cos x + c^sin x + cos x In jcsc x + cot xj - 2 



(1) y » c, e 2x + c 2 e" x + \ (1 - 2x - 2e X ) 

x 1 1 

(U y » e (^cos 2x + c 2 sin 2x)+.~T7 (4 cos 2x + sin 2x) + £ « 

i - - ' 4 , • 

y ■ c cos 2x + c« sin 2x + — (sin*x + cos x) - x cos 2x 

0) • i 2 3 
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UNIT IX: ANSWERS TO ASSESSMENT MEASURES (continued) 

in * * 

8- a). 



(1) 



b) 



(2) V - A(t-e' kt ) 



(1) 



(a) x * 3 cos 2t 

„(b-) V * -6 sin 2t 
-1 



(2> Displacement - zL- si-n 6t + sin 2t 
• - 48 • ' • 16 

Teaeher note: m *» - where g ■ 32 ft/sec 2 , 

g 



r 



/ 
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'UNIT X: HYPERBOLIC FUNCTIONS 

.+ m v . n 

introduction 

The study of hyperbolic functions introduces the student to a new system 
based upon the unit hyperbola . Analogies to the trigonometric functions, 
•tod the unit circle should be emphasized. 4 

A major benefit of this unit is the reinforcement of the exponential and - 
logarithmic functions. Unit X. provides an excellent opportunity for the 
students to explore* new mathematical relations on their own. 

V • 

INSTRUCTIONAL OBJECTIVES j 

1. Apply the definitions of the^ji^erbolic 'functions to verify identities. 

2. Apply the rules for the derivatives of the hyperbolic, functions. 

3f. Apply the rules for determining integrals of expressions containing 
hyperbolic functions. 

. k 

4. Apply the rules for differentiating the inverse hyperbolic functions. 

Apply the rules for integrating differentia^* *of inverse hyperbolic 
functions. 



PERFORMANCE' OBJECTIVES 

By the end of this unit, the student should have mastered the objectives 
listed below. 

1. ar^Btate the definitions of the hyperbolic functions. 

b) Construct the proof of given identities involving hyperbolic 
functions. / 

» I - 

2. a) State the rules forj differentiating the hyperbolic functions. 

ft • . b) Construct the derivatives for gi^en expressions containing the 
. , hyperbolic functions. 

3. $) State the rulfes for determining the integrals of the form 

Jsinh u du, Jcoeh u du, J*csch 2 u du, ^/sech u tanh u' du^ 
JcBch u Jcoth u du, ^ech 2 u du» 



b) Integrate given expressions containing hyperbolic function 



1 •'■ ^ 



Wo 



r 
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X: . PERFORMAN&E^jBBJECTIVES (continued). * - 

a) State the rules for differentiating inverse hyperbolic functions. . 

b) Construct the derivative for given expressions containing the inverse 
hyperbolic functions.' 1 



'du , f^L , Pdu , 



a) Statfe the rules for integrating J du , ^du , J* 

J du and J* du 

Wl-u 2 ,u\/l+u 2 * ' 

b> Integrate given expressions of the form ^du , /* du , 



SAMPLfe XSSESSMpNT MEASURES: HYPERBOLIC FUNCTIONS 



^ERFORMANCE OBJECTIVE X - la: State the definitions of the hyperbolic functions,] 

\ ■•' 

1. State the* definitions of the six hyperbolic functions* » ' 



r 



7 



PERFORMANCE ( OBJECTIVE X - lb: Construct the proo^ of given identities 



involving hyperbolic functions* 



2 2 

y 1. Prove: cosh(2x) - cosh x + sinh x , 



2. Prove: tanh(x + .y) ■ tanh x + taph y 

1 + tanh x tanh y 
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PERFORMANCE OBJECTIVE X - 2a: State the rules for differentiating the hyperbolic 



functions 



- V 



1. State the rules for dif f erenti*tin& the \ifc hyperbolic functions. 



\ 



PERFORMANCE OBJECTIVE X - 2b: Construct- the derivatives for given expressions 

* 

' containing* the hyperbolic functions , s 

: l^i ^ 



1. Determine y ! if y - sinh(k.) 




2. Determine y* if y * sech 3x v 

•f 

3. Determine y* if y M tanh(tan x) 

4. Determine y' if sinh(xy) « cpsh(ln y)^ 

» 

5. Determine y' i f y a ln(tanh 2x) 



•N 
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PERFORMANCE OBJECTIVE X - 3a: State the rules for determining the integrals 



\ 



of the form: ; jsinh u 4u, (cosh u du, [csch u du, 

2 

j* sech u.tanh u du, [csch u coth u du, andjsech u du 



1. State the. rule for integrating} each <of the following: 

a) f sinh u du - * 

• * 

b) T cosh u .du « 

2 ' ^ 

c) I sech u du ■ f - 

\ d) ' f s^ch u tanh u du * / * 

e) P cSclv? u d u * 1 1 - 

f ) J* csch u coth u du ■ ' 



RPORMANCE OBJECTIVE X - 3b: Integrate given expressions containing 

• hyperbolic functions. 



I. 



sinh 3x dx 



2. Jtanh"' 2x sech* 2x dx** 



3. jsinh 2x dx 



' ' 3 

4. Jtanh x dx 



5. Je x cosh x dx 



er|c 
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PERFORMANCE CBBJECTIVE X t 4a: State the -rules fpr differentiating inverse 



hyperbolic -functions 



1. , State the rules for differentiating the six inverse hyperbolic function 



PERFORMANCE OBJECTIVE X - 4b : Construct the derivative for given expressions 



* * containing the inverse hyperbolic functions . 

— r-+* J— ^ 




-1 X, 

Determine y' y * cosh e * 



7 



I. 



■2. Determine y' if y ■ tanh 1 

, 2x 



-1 



3, Determine y' if y ■ seen (cos x) , 



*4. Determine y' if x - a' sech" 1 ^) - V ^ " ^ 
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/ 



s * - 



i , ■ : : — - 

PERFORMANCE OBJECTIVE X - 5b: Integrate given expressions of the form 



2* 



f ja, /*du /" du /du * 



and 



sin 9 d 9- 



cos 0-25 



•3. r — & — 

v/ 2x3 + lZx + 16 




4v C ~ 

J x</T 



5. 



/v 



cot 9 



\^.+stn 2 9 



-d9 



, / 

J 



UNIT X: HYPERBOLIC FUNCTIONS 



ANSWERS TO ASSESSMENT MEASURES 



1. •) 




(1) 


C08h(u) 


(2) 


sinh(u) 






• 


tann (u) 


(4)' 


cpt^i(u) 


(5) 


sech (u) 


(6)-. 


* 

csch(u) 



u - u 
e - e 



-u 



U -U 

e e 



2 

/ 



e u + e" u , 



• e - « 



b) 



(2) 



2. a) 



(1) ji_ (sinh u) - cosh u ~* , 
dx dx 



(2) d ' (cosh u) - sinh u 
Tx" dx 

(3) _d_ (tanh u) - sech 2 u P 

dx < dx 



- * 
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UNIT X: ANStteWV) ASSESSMENT MEASURES (continued) 
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b) 



(4) (coth u) - -c*ch 2 u , 



(5) d (sech u) * --sech u tanh u 
dx . V 

(6) d fcsch u) « -csch u co-th u iH. 
. dx 



- 2 

(1) y 1 - 2x cosh(x ) 



\ 



(2) y ' m -6 sech 2 3x tanh 3x 



2 2 
(3) y' ■ sech (tan %J sec x 



( :i , v 2 cosh <xy) 

w y " sinhOnjr) - xy cosh (xy) 



(5) y' ■ 4 csch 4x 

3. a) " b) 

(1) (1) * cosh 3x" + C 

(a) cosh u + C (2) I tanh 4 2x +' C ' 

8 



1 « « 2 1 



(b) s£nh u + C 

(c) tahh u + C 



(3) ^ sinh 4x - |. + C 



(d) ' -dech u + C (4) In (cosh x) - tanh x + C 

, • (•) -eoth_u, + C • e 2x 

(5) — V 

(f }. -csch u + C 
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WIT Xt ANSWERS TO ASSESSMENT MEASURES (continued) 

t «. 

I 4 » • 

4. , •) 



(1) _d_ 
dx 



(sinh 



\ /lfu 2 . d * . 



•V- 
-1 • \ 



(tanh u) » — 1 • -» I U 'J < 



dx 



; ' -1 
d (seen u) 
dx 



dx 



.du 



ua/1-uP\ dx 



• \ 



(cdsh' 1 u) 

dx 



du 

2_i v dx 



d Ccoth 
dx 



(each -1 xi) 

dx 



x , - ' • du 



b> 
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< 2 > y' - m? 



(3) y f » sec x 



(4) y' 
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UNIT ^t: ANSWERS TO ASSESSMENT MEASURES (continued) 

\ 

5. a) _ y . J . • 

(1) • . • 

v -l s 

(a) sinh uftt^,^ * 

-1* - 
/' * < ' (b) cosh u + C 

i • * ' * 

(c) tanh u + C if | u | < | ' 

-1 

coth u + C if j u | > | 



t») -sech Ku, f C 



(e) -csctf 1 I u ( + C 



1 * * 

(1) sinh (*;) + C 

(2) -cosh" 1 (£2f-i) + C 

f 

(3) -I tanh-"" 1 (x + 3) + C if (x + 3)2 < 1 

2 

-I coth' 1 (x" + 3) + C if (x + 3) 3 > 1 

2 

.(4) -2^sech" 1 ^(>/x) + C* 
(5) -csch": 1 |sin 9 | + C 
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UKpT XI: . VECTORS 



INTRODUCTION 



\ Iif analytic geometry the student was. introduced to vectors'. * Unit XI applies 
£ calculus to Rectors. Particular emphasis should be given to the velocity 
and acceleration vectdra for a distance 'functigp, including the determination 
J of speed. A discussion of 'tangential and normal Vectors concludes the unit. 

' v • , , - . • ' r * -,\ 

INSTRUCTIO&L OBJECTIVES* v \ 



1. Determine the position vector for a cu^ye defined by a pair of parametric 
equations. .. . 

2. Determine the velocity vector from a position vector. * 

3. Determine the s,peed at vhich, a particle noves along the curve. 

* •* 

4. Determine the acceleration vector from a velocity vectpr, 

5. Apply the definition to determine the tangential vector for a given curve. 

6. w Apply the definition to determine the normal vector for a given curve. 



PERFORMANCE OBJECTIVES 

By the end of this unit, the student should have mastere<P|he objectives 
listed below. ^ 

1% a) State the definition 6f the position vector. 

b) Construct the position vector for a given curve defined by a pair of 

# • , par amie brie equations^ 

2. a) State the definition of a velocity vector. * 
b) Construct the velocity vector from 'a giveyi position vector. 
3. a) State the definition of speed. ■ 

b) Determine, the speejd qf a particle at a given time* * 

4. a) State the definition of 'an acceleration vector; •* 
b) Construct the acceleration vector from a given velocity vector. 

5. i) State the definition of the tangential vector. 

b) Construct the tangential vector t^,a given curve. 

/ *• State the definition of the unit normal vector. * 

b) Construct the unit rforraal vector to a given curve. 

o ' • ' "" l ' ■ L 
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SAMPLE ASSESSMENT MEASURES; VECTORS 



SStfiBNT ME 



PERFORMANCE OBJECTIVE XI - la: State the definition x>f the position vector 



1. Start ^the definition of a position vector. * 



PERFORMANCE OBJECTIVE XI - lb: Construct the position vector for a given curve 

defined by a pair of parametric equations* 



1. Construct the position vector for the curve defined by x - t + 1 and 



y « t 



2 - 1 where t>0 . . 



2*: Construct Hhe position vector for the curve defined by x - r cos u)t and 
y ■ r sin u)t Where r and u) are positive constants* 



/ 
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-XI-2 



" / . 

t 

jpHIORMafrCE OBJECTIVE XI - 2a: State the definition of a velocity vector. | 



u, 4 



State the definition of a velocity vector 



1 } 



r 



rORMANCE OBJECTIVE, XI - 2h: Conatyuct *the velocity vector from a given position 

* 

vector. - 



1. Con8truct the velocity vectot given the po8ition vector t^- t*t + *n(t+l)j. 



2. Construct the velocity vector given the position vector R - e~ 2t i +,e J 



■J*. 



3. 'Construct the velocity vector ^iven the position vector 
t - (3sin t)'i + (2;-cos t) J . 



r 
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PERFORMANCE OBJECTIVE XI - 3a: State the definition of speed 



1. State the definition of speed, 



ERFORMANCE OBJECTI 1 



ftFTtt^ 3b: 



Determine the s^eed of a particle at a given time. 



1. Determine the speed at t - 0 when R » (2sin t)i + (cos 2t)} . 



-v * ■* 

2. Determine the speed at t - n/6 when R - (tan t)i + (sec t)j . 



/ 
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XI -4 



JpHTOEMAHi 



CE OBJECTIVE XI - 4a: State the definition of an acceleration vector. 



1. State the definition of an acceleration vector. 



PERFORMANCE OBJECTIVE XI - 4b: Construct the acceleration vector frton a given 

/ 

velocity vector. 



1. Construct' the acceleration vector given the velocity vector 
v - (2coe t)t +, (3sin t) J , \ 

m 

2. Construct the acceleration vector given the velocity vector 
% - e fc t + e- 2t J . 
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XI-5 



1 



/ r* - - - - ■ * 

DRKANCE OBJECTIVE XI - 5a: State the definition of the' tangential vector. 



T 

/ 



♦ * J', . • " * • 

'l. State the definition of a tangential 



vector , 



EKFORMrVNCE OBJECTIVE XI - 5b: Construct the tangential vector to a given curve. 

— ■? 5^ " . 



+ 

1. Construct tKe tangential vector to the curve defined by 



R - (2sin t)i + (2cos t)j • 

\ 



2. Construct the tangential vector to the curve defined by 

> 

.$ -(ain 3 t)i + (cos 3 t)J . 



aa7 



(PERFORMANCE OBJECTIVE XL - 6a: State the definition of the unit normal vector, 
t • ' & ■ u .SV 1 : i ; J 



!• State the definition of the unit normal vector. 



KMANCE OBJECTIVE XI - 6b: Construct the unit normal vector to a given curve. 



1. Construct the unit normal vector when T - (cos t)i + (-sin t)j . 



!. Construct the unit normal vector when R ■ (2cos t)*i + (cos. 2t)J,» 



r V 



ANSWERS TO ASSESSMENT MEASURES 




1 a) 



b) 



2 d) 



b) 



3 a) 



b) 
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^ (1) R -.x i +"y j 



(1) "R - (t+1) i + (t 2 -l) j 



(2) R = i£ cos u t i + r sin u t 



(1) v - dR/dt - (dx/dtOi i + (dy/dt) j 



(1) v -(2t>t + Cl/(t+l)) J' 



(2) v'«(.-2e" c )i +Ce fc )j 
(*3) v - (3cos t)i -(2sin t) j 

* 

ft 

(1) Speed is the magnitude of the velocity vector, 
|ds/dt|« \/(dx/dt) 2 + (dy/dt) 2 " 



i.e. , 



; (1) 2 • . 

(2) 2^5/3 

,4 *) CD ? * «»v/dt -(d 2 x/di 2 )i +(d 2 y/dt 2, )J 

b) (1) a -(-2sin t^i + (3cos t\j 

v., (2) J -(e fc )i + (-2e" 2t ) J 
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WIT XI: ANSWERS TO ASSESSMENT MEASURES (continued) 



5 a) 



6 a) 



b) 
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/ 



(1) T is 'the unit vector which 1* tangelit to a curve at any point P. 
T - dR/dg - (dx/ds)N^+ (dy/ds) j ^ 



r 



(1) T « cos t 1?- sin t j 



k (2) T « sin t i - cos t j 



(1) A unit vector perpendifculat po the t^ngent^l Vector at any point P on the 
curve. 

N ■ dT/d$, where $ Is the slope angle of inclination of the tangential vector. 
Teacher Note: T - (dx/ds) 1 + (dy/ds) j 

4 

T - cos $ 1 + sin 4 j 
N ■ -sin $ .1 + cos $ j 
or N - -(dy/ds) 1 + (dx/ds} j ' 

(1) N - sin t i + cos t j * . . ^ 

-+ + 

(2) N 



>fl + 4 coFt Wl + 4 cos*t 



Teacher Note: T * -j. , i L 
^1 + 4cos*t . VI + 4cos*t 
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